Minimum weight design of fuselage type stiffened circular cylindrical shells subjected to pure torsion and combined torsion with axial compression with and without lateral pressure by Giri, Jagannath
MINIMUM WEIGHT DESIGN OF FUSELAGE TYPE ST IFFENED 
CIRCULAR C Y L I N D R I C A L SHELLS SUBJECTED TO PURE 
TORSION AND COMBINED TORSION W I T H A X I A L COMPRESSION 
W I T H AND WITHOUT LATERAL PRESSURE 
A T H E S I S 
P r e s e n t e d t o 
T h e F a c u l t y o f t h e D i v i s i o n o f G r a d u a t e 
S t u d i e s a n d R e s e a r c h 
B y 
J a g a n n a t h G i r i 
I n P a r t i a l F u l f i l l m e n t 
o f t h e R e q u i r e m e n t s f o r t h e D e g r e e 
D o c t o r o f P h i l o s o p h y i n t h e S c h o o l 
o f E n g i n e e r i n g S c i e n c e a n d M e c h a n i c s 
G e o r g i a I n s t i t u t e o f T e c h n o l o g y 
N o v e m b e r 1975 
MINIMUM WEIGHT D E S I G N OF FUSELAGE TYPE ST IFFENED 
CIRCULAR C Y L I N D R I C A L SHELLS SUBJECTED TO PURE 
TORSION AND COMBINED TORSION W I T H A X I A L COMPRESSION 
W I T H AND WITHOUT LATERAL PRESSURE 
A p p r o v e d : 
a i t pf. 
G. J . S i m i ^ s e s , C h a i r m a n 
C . V . S m i t h ^ 
L . W. R e h f i e l d 
D a t e a p p r o v e d b y C h a i r m a n : l^f 7(s 
i i 
ACKNOWLEDGMENTS 
My s i n c e r e s t a p p r e c i a t i o n g o e s t o my t h e s i s a d v i s o r , 
D r . G. J . S i m i t s e s f o r h i s s u g g e s t i o n o f t h e p r o b l e m a n d g u i d a n c e 
t h r o u g h o u t t h i s w o r k . I h i g h l y a p p r e c i a t e t h e f r u i t f u l d i s c u s s i o n s 
w i t h a n d t h e v a l u a b l e s u g g e s t i o n s o f D r s . C . V . S m i t h a n d L . W. R e h f i e l d , 
members o f t h e r e a d i n g c o m m i t t e e . I t h a n k D r . S . A t l u r i , D r . J . A b e r s o n , 
a n d D r . C . M. S h e t t y f o r t h e i r i n t e r e s t i n t h e r e s e a r c h e f f o r t . I - a m 
t h a n k f u l t o my S c h o o l D i r e c t o r , D r . M. E . R a v i l l e f o r h i s e n c o u r a g e m e n t 
a n d f i n a n c i a l s u p p o r t t h a t he p r o v i d e d d u r i n g t h e e n t i r e c o u r s e o f my 
s t u d y . 
My d e e p e s t a p p r e c i a t i o n g o e s t o my e l d e s t b r o t h e r , M r . Ram L a k s h a n 
G i r i . My p r e s e n t a t t a i n m e n t i s m a i n l y d u e t o h i s s u p p o r t . I w o u l d l i k e 
t o commend my w i f e , R a d h a f o r h e r u t m o s t s a c r i f i c e , p a t i e n c e a n d o r d e a l s 
i n l o o k i n g a f t e r my c h i l d r e n , P u n a m , M a d h u , Uma a n d B a l a d u r i n g my a b s e n c e . 
L a s t l y I t h a n k M r s . J a c k i e V a n H o o k f o r t y p i n g t h e f i n a l m a n u s c r i p t . 
T h i s w o r k w a s p a r t i a l l y s u p p o r t e d b y t h e A i r F o r c e O f f i c e o f S c i ­
e n t i f i c R e s e a r c h , A i r F o r c e S y s t e m s Command, U S A F , u n d e r AFOSR G r a n t N o . 
7^--2655> w h i c h i s v e r y much a p p r e c i a t e d . 
I I I 
TABLE OF CONTENTS 
PAGE 
ACKNOWLEDGMENTS I I 
LIST OF TABLES V 
LIST OF ILLUSTRATIONS V I I 
SUMMARY IX 
NOTATIONS XI 
GLOSSARY OF ABBREVIATIONS XV 
CHAPTER 
I . INTRODUCTION 1 
REVIEW OF PAST WORK 
STATEMENT OF THE PROBLEM 
I I . MATHEMATICAL FORMULATION OF THE PROBLEM 1 0 
GENERAL INSTABILITY CRITICAL LOAD 
PANEL INSTABILITY CRITICAL LOAD 
PREBUCKLING STRESSES 
LOCAL BUCKLING OF STRINGERS AND RINGS 
SKIN WRINKLING 
FORMULATION OF THE OBJECTIVE FUNCTION AND DESIGN 
VARIABLES 
I I I . MINIMUM WEIGHT DESIGN SOLUTION PROCEDURES 33 
PURE TORSION 
TORSION COMBINED WITH AXIAL COMPRESSION WITH OR 
WITHOUT LATERAL PRESSURE 
IV. EXAMPLES, NUMERICAL RESULTS AND DISCUSSION 5 7 




TABLE OF CONTENTS ( C o n t i n u e d ) 
APPENDICES P a g e 
A . ASSUMPTIONS I N THE ST IFFENED CYL INDRICAL SHELL 
ANALYSIS 9 6 
B. PROPERTIES OF STIFFENERS 9 7 
C. Z-RANGE FOR GENERATING DATA 102 
D . SOLUTION OF EIGENVALUES AND EIGENVECTORS 
WHEN \ ± = - 7^ 103 
E . ALTERNATIVE APPROACH FOR E S T I M A T I N G K f o r 
COMBINED LOADING T 106 
F . SAMPLE D E S I G N 108 
G„ COMPUTER PROGRAM 1 1 8 
BIBLIOGRAPHY 1^3 
V I T A ihj 
L I S T OF TABLES 
T a b l e P a g e 
1. C r i t i c a l S t r e s s e s i n S t r i n g e r s 25 
2. F i n a l M i n i m u m W e i g h t D e s i g n R e s u l t s f o r E x a m p l e 1 w i t h 
V a r i o u s S t i f f e n e r s (t , £ ^ 25 i n . , M i n i m u m 3 R i n g s ) . 59 
x y 
3. F i n a l M i n i m u m W e i g h t D e s i g n R e s u l t s f o r E x a m p l e 1 w i t h 
Gauge V a r i a t i o n a n d U n b o u n d e d £ , jr w i t h T S - R R , HS-RR 
a n d HS-HR t . T 60 
h. F i n a l M i n i m u m W e i g h t D e s i g n R e s u l t s f o r E x a m p l e 2 w i t h 
V a r i o u s S t i f f e n e r s (.4̂ 3 a ^ a b o u t 25) 65 
5. F i n a l M i n i m u m W e i g h t D e s i g n R e s u l t s f o r E x a m p l e 2 w i t h 
Gauge V a r i a t i o n a n d U n b o u n d e d £ , £ w i t h T S - R R a n d 
HS-RR . * . -? 66 
6. D e s i g n R e s u l t s f o r E x a m p l e 3 w i t h RS-RR 73 
7. E f f e c t o f U s i n g D i f f e r e n t O p e n - S e c t i o n T y p e s o f 
S t r i n g e r s f o r E x a m p l e 3 w i t h RR ( C y = 1.0) a n d 
MG = .05 7^ 
8. E f f e c t o f U s i n g HS f o r E x a m p l e 3 w i t h RR ( C y = 1.0) 
a n d MG = . 05 77 
9. E f f e c t o f U s i n g D i f f e r e n t O p e n - S e c t i o n T y p e o f R i n g s 
f o r E x a m p l e 3 " w i t h m o s t E f f i c i e n t S t r i n g e r 
( T S : k = . 3 . C = 1.079) a n d MG = .05) . 78 
10. E f f e c t o f U s i n g HR f o r E x a m p l e 3 w i t h M o s t E f f i c i e n t 
S t r i n g e r ( T S : k = . 3 , C = 1.079) a n d MG = .05 . . . . 8 l 
11. F i n a l M i n i m u m W e i g h t D e s i g n R e s u l t s o f E x a m p l e 3 w i t h 
t h e M o s t E f f i c i e n t S t i f f e n e r s ( T S - R R : k = .3> 
C = 1.079, C = 1 . 0 ) a n d V a r y i n g MG . * 82 
x y 
12. D e s i g n R e s u l t s o f E x a m p l e k a n d E x a m p l e 3 w i t h t h e 
M o s t E f f i c i e n t S t i f f e n e r s o f E x a m p l e 3 ( T S - R R : k = . 3 , 
C = 1.079* C = 1.0) a n d MG = .05 X . . . . 86 
x y 
B l . P r o p e r t i e s o f O p e n - S e c t i o n T y p e o f S t i f f e n e r s 99 
B2. P r o p e r t i e s o f H a t S t i f f e n e r 101 
v i 
LIST OF TABLES (Cont inued) 
Table Page 
F l . D e s i g n Chart f o r Example 1 w i t h RS-RR 1 0 9 
F2. D e s i g n Chart f o r Example 3 w i t h TS-RR 115 
v i i 
LIST OF ILLUSTRATIONS 
Figure Page 
1. S h e l l Geometry 11 
2. S ign Convent ion 12 
3. D e s i g n Chart f o r w w i t h RS-RR ( z = 2,000) 36 
h. Minimum Weight Des ign of Example 1 w i t h RS-RR 6 l 
5. Minimum Weight Des ign o f Example 1 w i t h Var ious Types 
o f S t i f f e n e r s (MG = .05, l x , <ty < 25) 62 
6. E f f e c t o f Gauge V a r i a t i o n and R e l a x i n g Maximum t , t 
L i m i t s on the Minimum Weight Des ign o f Example 1 
w i t h TS-RR 63 
7. E f f e c t of Gauge V a r i a t i o n and R e l a x i n g Maximum £ , I 
L i m i t s on the Minimum Weight Des ign o f Example 1 X y 
w i t h HS-RR 63 
8. E f f e c t o f Gauge V a r i a t i o n and R e l a x i n g Maximum £ , t 
L i m i t s on the Minimum Weight Des ign o f Example 1 X * 
w i t h HS-HR 6k 
9. Minimum Weight Des ign o f Example 2 w i t h RS-RR 67 
10. Minimum Weight Des ign o f Example 2 w i t h Var ious Types 
o f S t i f f e n e r s (MG = .02; ^ £ y ^ about 25) 68 
11. E f f e c t o f Gauge V a r i a t i o n and R e l a x i n g Maximum l , l 
L i m i t s on t h e Minimum Weight Des ign o f Example 2 X ^ 
w i t h HS-RR 68 
12. E f f e c t o f Gauge V a r i a t i o n and R e l a x i n g Maximum I , L 
L i m i t s on the Minimum Weight Des ign o f Example 2 
w i t h TS-RR 69 
13. Minimum Weight Des ign of Example 3 w i t h RS-RR 76 
lk. E f f e c t o f S t r i n g e r Shapes ( O p e n - S e c t i o n Type) on the 
C y l i n d e r Weight Us ing RR (Cy = 1.0) f o r Example 3 . . . 76 
15. E f f e c t o f U s i n g Hat S t r i n g e r (k „ = 0) w i t h RR 
(C = 1.0) on t h e C y l i n d e r Weignt f o r Example 3 . . . . 80 
V l l l 
LIST OF ILLUSTRATIONS (Continued) 
F igure Page 
1 6 . E f f e c t o f Ring Shapes on the C y l i n d e r Weight U s i n g Most 
E f f i c i e n t S t r i n g e r (TS: k = . 3 , C = 1 . 0 7 9 ) f o r 
Example 3 8 0 
1 7 . E f f e c t o f U s i n g Hat Ring ( k g = 0 ) w i t h the Most 
E f f i c i e n t S t r i n g e r (TS: k t . 3 , C = 1 . 0 7 9 ) on the 
C y l i n d e r Weight f o r Example 3 . . X 83 
1 8 . F i n a l Minimum Weight D e s i g n o f Example 3 U s i n g t h e Most 
E f f i c i e n t S t i f f e n e r s (TS-RR: k = . 3 , C = 1 . 0 7 9 * 
C y = 1 . 0 ) and Varying MG . . * . . . . X 83 
1 9 . Minimum Weight Des ign o f Examples k and 3 U s i n g t h e Most 
E f f i c i e n t S t i f f e n e r s o f Example 3 (TS-RR: k = . 3 , 
C = 1 .079* C = 1 . 0 ) and MG = . 0 5 . . . . X 88 
x y 
B l . S t i f f e n e r Geometry 9 8 
E l . I n t e r a c t i o n Curve f o r Combined Loading 1 0 7 
IX 
SUMMARY 
A PROCEDURE INCLUDING A HIGHLY AUTOMATED COMPUTER PROGRAM FOR 
THE MINIMUM WEIGHT DESIGN OF FUSELAGE TYPE STIFFENED CIRCULAR CYLINDRICAL 
SHELLS SUBJECTED TO TORSION AND TO TORSION COMBINED WITH AXIAL COMPRES­
SION WITH AND WITHOUT LATERAL PRESSURE I S DEVELOPED. THE STATEMENT OF 
THE PROBLEM I S : 
FOR AN INTERNALLY STIFFENED FUSELAGE TYPE THIN CIRCULAR CYLINDRI­
CAL SHELL OF SPECIFIED MATERIAL, RADIUS AND LENGTH, FIND THE SIZE, SHAPE, 
SPACINGS OF STIFFENERS AND THE SKIN THICKNESS IN ORDER THAT IT CAN SAFELY 
CARRY A PRESCRIBED PURE TORSION OR COMBINED TORSION WITH AXIAL COMPRES­
SION WITH AND WITHOUT LATERAL PRESSURE WITH MINIMUM WEIGHT. 
THE OBJECTIVE FUNCTION I S THE COMPOSITE WEIGHT OF THE CYLINDER. 
GENERAL INSTABILITY I S INTRODUCED AS AN EQUALITY CONSTRAINT WHICH RESULTS 
IN AN AUGMENTED OBJECTIVE FUNCTION. BY A THOROUGH SCRUTINY THE DESIGN 
VARIABLES OF THIS RESULTING FUNCTION ARE REDUCED TO A MINIMUM NUMBER OF 
DESIGN PARAMETERS. BY USING THE FLEXIBLE POLYHEDRON TYPE OF SIMPLEX 
METHOD AND THE GOLDEN SECTION OR OTHER SEQUENTIAL SEARCH TECHNIQUE, AN 
UNCONSTRAINED MINIMIZATION OF THE AUGMENTED OBJECTIVE FUNCTION I S PER­
FORMED. THIS LEADS TO DESIGN CHARTS WHICH ARE THEN USED TO PRODUCE A 
DESIGN WITH MINIMUM WEIGHT SATISFYING ALL OTHER INEQUALITY CONSTRAINTS. 
THESE INEQUALITY CONSTRAINTS ARE: LIMITATIONS IN THE STRESS LEVELS IN 
THE SKIN, STRINGERS AND RINGS SO THAT THERE I S NO YIELDING OF THE 
*BY COMPARING VALUES OF K AT SUCCESSIVE NUMERICAL VALUES OF N 
STARTING WITH N = 2. 
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CHAPTER I 
INTRODUCTION 
A s t i f f e n e d t h i n c i r c u l a r c y l i n d r i c a l s h e l l i s a w i d e l y u s e d 
c o n f i g u r a t i o n i n t h e a i r c r a f t a n d a e r o s p a c e i n d u s t r y . I n o r d e r t o 
a c h i e v e h i g h e r e f f i c i e n c i e s , many a t t e m p t s h a v e b e e n made t o make 
t h e c o n f i g u r a t i o n a s l i g h t a s p o s s i b l e . W i t h m a n ' s e v e r l a s t i n g 
d e s i r e t o o v e r c o m e t h e b a r r i e r o f t i m e a n d s p a c e a n d t o e x p l o r e t h e 
m i l l i o n s o f u n e x p l o r e d p l a n e t s s u r r o u n d i n g h i s own , t h e n e e d f o r 
e f f i c i e n t l i g h t w e i g h t s t r u c t u r e s w i l l b e e v e r g r o w i n g . 
A l t h o u g h t h e c o n f i g u r a t i o n c i t e d a b o v e i s , i n p r a c t i c e , s u b ­
j e c t e d t o t o r s i o n a s w e l l a s a x i a l c o m p r e s s i o n a n d u n i f o r m l a t e r a l 
p r e s s u r e , no w o r k i s f o u n d i n t h e l i t e r a t u r e on t h e min imum w e i g h t 
d e s i g n o f s u c h s t r u c t u r e s s u b j e c t e d t o e i t h e r t o r s i o n a l o n e o r t o r s i o n 
c o m b i n e d w i t h a x i a l c o m p r e s s i o n , w i t h o r w i t h o u t l a t e r a l p r e s s u r e . 
M a n y i n v e s t i g a t o r s h a v e c o n s i d e r e d m i n i m u m w e i g h t d e s i g n u n d e r u n i f o r m 
c o m p r e s s i o n . Few h a v e c o n s i d e r e d a x i a l c o m p r e s s i o n c o m b i n e d w i t h 
u n i f o r m l a t e r a l p r e s s u r e . So t h e g e n e r a l t r e n d t o d a t e h a s b e e n t o 
c o n s i d e r a x i a l c o m p r e s s i o n w i t h o r w i t h o u t l a t e r a l p r e s s u r e f o r t h e 
f u s e l a g e t y p e o f s t r u c t u r e s , t a k e u p e i t h e r c o n v e n t i o n a l t y p e l o n g i ­
t u d i n a l a n d / o r c i r c u m f e r e n t i a l s t i f f e n e r s o r a t r u s s - c o r e t y p e o f 
s a n d w i c h c o n s t r u c t i o n , a n a l y z e t h e e f f e c t s o f one o r m o r e t y p e s o f 
s t i f f e n e r g e o m e t r i e s , f o l l o w d i f f e r e n t o p t i m i z a t i o n t e c h n i q u e s a n d 
p r o d u c e a d e s i g n . 
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R e v i e w o f P a s t Work 
A l t h o u g h i t i s n o t d i r e c t l y r e l a t e d t o t h e p r e s e n t w o r k , a 
r e v i e w o f some o f t h e w o r k done on t h e m i n i m u m w e i g h t d e s i g n o f 
f u s e l a g e t y p e o f s t r u c t u r e s a n d t h e m e t h o d s o f a p p r o a c h a d o p t e d b y t h e 
p a s t i n v e s t i g a t o r s i s i n c l u d e d h e r e f o r t h e s a k e o f c o m p l e t e n e s s . 
C r a w f o r d a n d B u r n s [ 1 ] * p r e s e n t e d i n 1963 a n o p t i m u m d e s i g n 
a n a l y s i s o f t r u s s - c o r e s a n d w i c h t y p e c i r c u l a r c y l i n d e r s u n d e r a x i a l 
c o m p r e s s i o n . C o h e n [ 2 ] i n v e s t i g a t e d t h e o p t i m u m d e s i g n o f s i n g l e a n d 
d o u b l e t r u s s - c o r e s a n d w i c h c y l i n d e r s i n c o m p r e s s i o n w i t h o u t p r e s e n t i n g 
a n y n u m e r i c a l r e s u l t s . B u r n s a n d A l m r o t h [ 3 ] a n a l y z e d o n l y e x t e r n a l 
a n d r e c t a n g u l a r s t i f f e n e r s f o r a x i a l l y c o m p r e s s e d c y l i n d e r s a n d showed 
t h a t t h e u s e o f b o t h s t r i n g e r s a n d r i n g s i s a l w a y s m o r e e f f i c i e n t t h a n 
t h e u s e o f e i t h e r t y p e a l o n e . G e r a r d a n d P a p i r n o [ 4 ] h a v e c o n s i d e r e d 
r i n g s t i f f e n e d c y l i n d e r s a n d h a v e shown t h e e f f e c t s o f u s i n g f l a n g e d 
a n d u n f l a n g e d s t i f f e n e r s on t h e c y l i n d e r e f f i c i e n c y . I n 1 9 6 6 , B u r n s 
a n d S k o g h [ 5 ] c o n s i d e r e d o p t i m u m d e s i g n u n d e r c o m b i n e d u n i f o r m a x i a l 
c o m p r e s s i o n a n d u n i f o r m l a t e r a l p r e s s u r e . B y t a k i n g o n l y a x i a l com­
p r e s s i o n a n d r e c t a n g u l a r s t i f f e n e r s , B u r n s [ 6 ] s t u d i e d t h e e f f e c t s o f 
r i n g - s t r i n g e r e c c e n t r i c i t i e s . G e r a r d [ 7 ] p r e s e n t e d i n 1966 a c o m p r e ­
h e n s i v e b i b l i o g r a p h y on o p t i m a l s t r u c t u r a l d e s i g n . K i c h e r [ 8 ] c o n ­
s i d e r e d c o m b i n e d a x i a l c o m p r e s s i o n a n d l a t e r a l p r e s s u r e a n d f o u n d t h e 
e f f e c t s o f s t i f f e n e r e c c e n t r i c i t i e s . A s y s t e m a t i c d e s i g n o f s t i f f e n e d 
c y l i n d e r s o f d i f f e r e n t g e o m e t r i e s s u b j e c t e d t o s i n g l e a x i a l c o m p r e s s i o n 
a n d t o c o m b i n e d a x i a l c o m p r e s s i o n a n d r a d i a l p r e s s u r e w a s p r o d u c e d b y 
^ N u m b e r s i n b r a c k e t s r e f e r t o B i b l i o g r a p h y . 
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M o r r o w a n d S c h m i t [9] i n 1968. T h e y t r e a t e d o n l y r e c t a n g u l a r 
s t i f f e n e r s . I n 1969, S t r o u d a n d S y k e s [10] showed t h e e f f e c t o f 
s l i g h t m e r i d i o n a l c u r v a t u r e on t h e min imum w e i g h t d e s i g n o f a x i a l l y 
c o m p r e s s e d s t i f f e n e d s h e l l s . L a k s h m i k a n t h a m a n d G e r a r d [11] showed 
t h e e f f e c t s o f r i n g s t i f f e n e r s on t h e i s o t r o p i c s k i n . I n 1970, 
A l m r o t h , B u r n s a n d P i t t n e r [12] p r o d u c e d a d e s i g n c r i t e r i o n "by t a k i n g 
a l o a d r e d u c t i o n f a c t o r cp s u c h t h a t N = <pN . P a p p a s a n d Amba-Rao 
c r c ^ 
[13] a l s o h a v e t a k e n a l o a d r e d u c t i o n f a c t o r cp a n d d e s i g n e d t h e s h e l l 
f o r u n i f o r m a x i a l c o m p r e s s i o n and l a t e r a l p r e s s u r e . B l o c k [1^-] came 
u p w i t h a min imum w e i g h t d e s i g n o f a x i a l l y c o m p r e s s e d r i n g a n d s t r i n g e r 
s t i f f e n e d c y l i n d e r s . B a s e d on t h e p r e m i s e t h a t m i n i m u m w e i g h t i s 
a c h i e v e d when a l l p o s s i b l e b u c k l i n g modes ( g e n e r a l , p a n e l a n d l o c a l ) 
o c c u r s i m u l t a n e o u s l y , S h i d e l e r , A n d e r s o n a n d J a c k s o n [15] a n a l y z e d a n 
a x i a l l y c o m p r e s s e d c y l i n d e r . J o n e s a n d H a g u e [ l 6 ] a p p l i e d d i f f e r e n t 
o p t i m i z a t i o n t e c h n i q u e s a n d e x t e n d e d t h e w o r k o f R e f e r e n c e [ 9 ] . I n 
1972, a r e v i e w o f o p t i m a l s t r u c t u r a l d e s i g n was p r e s e n t e d b y N i o r d s o n 
a n d P e d e r s e n [17]. An i n d i r e c t a n d t r i a l a n d e r r o r d e s i g n p r o c e d u r e 
f o r a x i a l l y c o m p r e s s e d c y l i n d e r s h a s b e e n p r o p o s e d b y R e h f i e l d [18]. 
S i m i t s e s a n d U n g b h a k o r n [19] a n d [20] h a v e p r o d u c e d m i n i m u m w e i g h t 
d e s i g n s o f a x i a l l y c o m p r e s s e d c y l i n d e r s b y c o n s i d e r i n g d i f f e r e n t 
o p e n e d t y p e s o f s t i f f e n e r s . 
Two t y p e s o f a p p r o a c h e s h a v e b e e n a d o p t e d so f a r . One g r o u p o f 
r e s e a r c h e r s ( s e e , f o r e x a m p l e , R e f e r e n c e s [1 ,2 ,3 ,5 ,6 ,1^,15 a n d 18]) 
h a v e c o n t e n d e d t h a t t h e m i n i m u m w e i g h t d e s i g n i s a c h i e v e d a t t h e 
s i m u l t a n e o u s o c c u r r e n c e o f a l l p o s s i b l e f a i l u r e m o d e s . A s e c o n d g r o u p 
o f p e o p l e , b y e m p l o y i n g m o d e r n o p t i m i z a t i o n t e c h n i q u e s ( p e n a l t y 
k 
FUNCTIONS), DISPROVED THE SIMULTANEOUS FAILURE MODE CONTENTION. SCHMIT, 
KICHER, AND MORROW [ 2 1 ] BY CONSIDERING INTEGRALLY STIFFENED WAFFLE 
PLATES IN 1963 EXPLAINED THAT THE CONCEPT OF SIMULTANEOUS FAILURE 
MODES I S WRONG FOR CONSTRAINED MINIMIZATION PROBLEMS. THEY ALSO CITED 
EXAMPLES WHERE THIS CONCEPT IS NOT TRUE. FURTHERMORE, IT HAS BEEN 
SHOWN THAT FOR CERTAIN STRUCTURAL CONFIGURATIONS DESIGN BASED ON THE 
SIMULTANEOUS OCCURRENCE OF FAILURE MODES GIVES RISE TO IMPERFECTION 
SENSITIVITY. VAN DER NEUT [ 2 2 ] WAS THE FIRST MAN TO COME UP WITH A 
CONCRETE STEP IN 1969 WHICH SHOWED THAT IMPERFECTION-SENSITIVITY DOES 
INDEED ARISE IN THE CASE OF AN IDEALIZED THIN-WALLED COMPRESSION 
MEMBER. BY ANALYZING THE BUCKLING OF A SQUARE TUBE GRAVES-SMITH [ 2 3 ] 
ALSO ARRIVED AT THE SAME CONCLUSION IN 1 9 6 9 . KOITER AND KUIKEN [ 2 ^ ] 
CONFIRMED VAN DER NEUT'S FINDINGS IN 1 9 7 1 HY USING KOITER'S GENERAL 
NONLINEAR THEORY OF ELASTIC STABILITY. A QUANTITATIVE STUDY OF THE 
VALIDITY OF OPTIMIZATION BASED ON THE SIMULTANEOUS BUCKLING MODE 
CRITERION HAS BEEN MADE BY THOMPSON AND LEWIS [ 2 5 ] IN 1972 WHO, BY 
FORMULATING A THIN-WALLED STRUT DESIGN PROBLEM, HAVE SHOWN THE EXTENT 
TO WHICH THE OPTIMUM BASED ON THE SIMULTANEITY OF OVERALL AND LOCAL 
BUCKLING CAN BE ERODED AWAY BY THE IMPERFECTION-SENSITIVITY ASSOCI­
ATED WITH THE COUPLED BRANCHING BEHAVIOR. THESE EFFECTS HAVE BEEN 
SHOWN IN DIAGRAMS AND EXPLAINED FOR DIFFERENT TYPES OF STRUCTURAL 
MEMBERS UNDER DESTABILIZING LOADS BY THOMPSON AND HUNT [ ^ 3 ] . I"T I S 
KNOWN THAT CYLINDERS ARE IMPERFECTION SENSITIVE; THE EXTENT OF 
SENSITIVITY DEPENDING ON THE TYPE OF LOADING. SINCE LINEAR THEORY I S 
USED FOR THE ANALYSIS, A KNOCKDOWN FACTOR MAY BE USED TO ACCOUNT FOR 
THIS EFFECT. 
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Due t o r e a s o n s e x p l a i n e d a b o v e , S i m i t s e s a n d h i s c o l l a b o r a t o r s 
[ 1 9 , 2 0 , 2 6 ] h a v e a v o i d e d t h e s i m u l t a n e o u s o c c u r r e n c e o f f a i l u r e modes 
i n t h e i r m i n i m u m w e i g h t d e s i g n s . T h i s p r o c e d u r e i s a d o p t e d i n t h e 
p r e s e n t w o r k . I t i s w o r t h y o f m e n t i o n t h a t i t i s s t r i c t l y a n a c c i d e n t 
f o r a l l f a i l u r e modes t o be a c t i v e a t t h e m i n i m u m w e i g h t d e s i g n f o r a 
g i v e n p r o b l e m . T h u s t h e d e s i g n a c h i e v e d t h r o u g h s i m u l t a n e o u s o c c u r ­
r e n c e o f f a i l u r e modes d o e s n o t , i n g e n e r a l , c o r r e s p o n d t o min imum 
w e i g h t . On t h e b a s i s o f p a s t e x p e r i e n c e [ 9 , 1 3 * 1 6 * 1 9 * 2 0 , 2 6 ] i t i s 
e v i d e n t t h a t o n l y a s m a l l number o f f a i l u r e modes i s a c t i v e a t t h e 
m i n i m u m w e i g h t c o n f i g u r a t i o n . 
S t a t e m e n t o f t h e P r o b l e m 
As i s o b v i o u s f r o m a b o v e , no w o r k i s f o u n d on t h e m i n i m u m w e i g h t 
d e s i g n o f s t i f f e n e d t h i n c i r c u l a r c y l i n d r i c a l s h e l l s s u b j e c t e d t o t o r ­
s i o n a n d t o t o r s i o n c o m b i n e d w i t h a x i a l c o m p r e s s i o n w i t h a n d w i t h o u t 
l a t e r a l p r e s s u r e . I n p r a c t i c e w h e n a n a i r c r a f t i s m a n e u v e r i n g , y a w i n g , 
p i t c h i n g , e t c . , t h e f u s e l a g e i s s u b j e c t e d t o t o r s i o n , a x i a l c o m p r e s s i o n 
( d u e t o b e n d i n g ) a n d some l a t e r a l p r e s s u r e ; so a r e m i s s i l e s , l a u n c h 
v e h i c l e s a n d o t h e r s p a c e c r a f t s . 
A d e s i g n b a s e d on p u r e t o r s i o n a l l o a d i n g i s d e s i r e d f o r t h e c a s e 
w h e n t o r s i o n may be t h e o n l y o r t h e p r e d o m i n a n t l o a d . S e c o n d l y , t o r s i o n 
c o m b i n e d w i t h a x i a l c o m p r e s s i o n i s t h e m o s t r e a l i s t i c c a s e a n d t h u s i t 
i s e s s e n t i a l t o o b t a i n a min imum w e i g h t d e s i g n u n d e r t h i s l o a d i n g c o n ­
d i t i o n . T h i r d l y , i t i s e q u a l l y i m p o r t a n t t o i n v e s t i g a t e t h e e f f e c t s 
o f u n i f o r m l a t e r a l p r e s s u r e o v e r a n d a b o v e t o r s i o n c o m b i n e d w i t h a x i a l 
c o m p r e s s i o n on t h e m i n i m u m w e i g h t d e s i g n o f f u s e l a g e t y p e o f s t r u c t u r e s . 
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H e n c e , t h e p r e c i s e s t a t e m e n t o f t h e p r o b l e m i n t h i s r e s e a r c h w o r k i s 
a s f o l l o w s : F o r a f u s e l a g e - t y p e s t i f f e n e d t h i n c i r c u l a r c y l i n d r i c a l 
s h e l l o f s p e c i f i e d m a t e r i a l , r a d i u s a n d l e n g t h , f i n d t h e s i z e , s h a p e , 
s p a c i n g s o f t h e s t i f f e n e r s a n d t h e s k i n t h i c k n e s s i n o r d e r t h a t i t c a n 
s a f e l y c a r r y p r e s c r i b e d p u r e t o r s i o n and c o m b i n e d t o r s i o n • w i t h a x i a l 
c o m p r e s s i o n w i t h a n d w i t h o u t l a t e r a l p r e s s u r e w i t h m in imum w e i g h t . 
T h e d e s i g n o b j e c t i v e i s m i n i m u m w e i g h t . T h e e q u a l i t y c o n s t r a i n t 
i s g e n e r a l i n s t a b i l i t y ( c o n s i d e r e d a s one o f t h e a c t i v e f a i l u r e modes 
w h i c h i m p l i e s d e s i g n i n g a g a i n s t g e n e r a l i n s t a b i l i t y ) . T h e r e m a i n i n g 
f a i l u r e m o d e s , i . e . , p a n e l b u c k l i n g , s k i n w r i n k l i n g , l o c a l i n s t a b i l i t y 
o f s t r i n g e r s , y i e l d i n g o f t h e s k i n a n d s t i f f e n e r s , f a i l u r e mode i n t e r ­
a c t i o n s a n d g e o m e t r i c c o n s t r a i n t s f o r a r e a l i s t i c ( m i n i m u m g a u g e ) d e s i g n 
a r e c o n s i d e r e d a s i n e q u a l i t y c o n s t r a i n t s . An a c t i v e f a i l u r e mode i s 
one w h i c h r e p r e s e n t s t h e p r i n c i p a l c a t a s t r o p h i c mode o f f a i l u r e . T h i s 
b e i n g s o , t h e p r i m a r y c o n s i d e r a t i o n o f t h e s h e l l d e s i g n m u s t b e b a s e d 
on t h e a c t i v e f a i l u r e m o d e , g e n e r a l i n s t a b i l i t y h e r e . T h e o t h e r 
f a i l u r e modes a r e t a k e n a s i n e q u a l i t y c o n s t r a i n t s s i n c e i t i s p o s s i b l e 
t o a v o i d t h e m b y a d j u s t i n g some o f t h e d e s i g n v a r i a b l e s . 
I n g e n e r a l t h e a c t i v e mode o r modes o f f a i l u r e , t h a t g o v e r n 
m i n i m u m w e i g h t d e s i g n , a r e n o t known a p r i o r i . I f t h i s i s t h e c a s e one 
m u s t u s e t h e p e n a l t y f u n c t i o n f o r m u l a t i o n t o e s t a b l i s h t h e a c t i v e m o d e s . 
U n f o r t u n a t e l y t h e s t a t e o f t h e a r t i n e m p l o y i n g t h i s a p p r o a c h i s n o t 
v e r y r e l i a b l e [ l 6 ] . I n s u c h c a s e s one may u s e t h i s f o r m u l a t i o n n o t t o 
a c h i e v e a f i n a l m i n i m u m w e i g h t d e s i g n b u t s i m p l y t o e s t a b l i s h w h i c h 
o f t h e f a i l u r e modes a r e a c t i v e . Once t h i s h a s b e e n a c c o m p l i s h e d , t h e 
p r e s e n t f o r m u l a t i o n may be e m p l o y e d . I n a d d i t i o n , on t h e b a s i s o f 
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d e s i g n e x p e r i e n c e , i n many c a s e s one of the a c t i v e modes o f f a i l u r e 
govern ing the minimum w e i g h t d e s i g n i s known. For example , i n a i r c r a f t 
f u s e l a g e d e s i g n g e n e r a l i n s t a b i l i t y governs the c o n f i g u r a t i o n of the 
mid p o r t i o n o f the f u s e l a g e . In such c a s e s the p r e s e n t f o r m u l a t i o n 
i s n o t o n l y a p p l i c a b l e but d e s i r a b l e a s e x p l a i n e d a t the end o f t h i s 
c h a p t e r . 
The na ture o f s t r e s s e s i n the s k i n and s t i f f e n e r s , t h e i r 
c o r r e s p o n d i n g f a i l u r e modes and t h e e x t e n t t o which any p a r t i c u l a r 
f a i l u r e mode i s a c t i v e h i g h l y d i f f e r from one l o a d i n g c a s e t o t h e o t h e r 
f o r the t h r e e l o a d i n g c a s e s , namely, pure t o r s i o n , t o r s i o n combined 
w i t h a x i a l c o m p r e s s i o n , and t o r s i o n combined w i t h a x i a l compress ion 
and l a t e r a l p r e s s u r e . B e s i d e s , the minimum w e i g h t d e s i g n f o r the 
combined load c a s e s p r e s e n t s a n o t h e r unique f e a t u r e i n the s e n s e t h a t 
w h i l e s e e k i n g an optimum s o l u t i o n one h a s t o be c a r e f u l t o see t h a t the 
s h e l l does n o t buck le w i t h a s i n g l e load a t any s t a g e o f the s o l u t i o n . 
The o p t i m i z a t i o n and d e s i g n p r o c e d u r e s have t o be m o d i f i e d a c c o r d i n g l y 
t o take c a r e o f t h e s e d i f f e r i n g c h a r a c t e r i s t i c s . A l l t h e s e are d i s ­
c u s s e d i n d e t a i l i n Chapters I I and I I I . The p r o c e d u r e s common t o 
a l l the t h r e e l o a d i n g c a s e s are d i s c u s s e d be low. 
In order t o minimize the w e i g h t o f the compos i t e s h e l l under the 
c o n s t r a i n t t h a t the a p p l i e d ( g e n e r a l i n s t a b i l i t y ) l oad should have a 
f i x e d v a l u e , p e n a l t y f u n c t i o n t e c h n i q u e i s u s e d . T h i s g i v e s an aug­
mented o b j e c t i v e f u n c t i o n ( a l s o c a l l e d t h e u n c o n s t r a i n e d p e n a l i z e d 
performance f u n c t i o n ) w i t h the e q u a l i t y c o n s t r a i n t i n h e r e n t l y b u i l t -
i n . The primary f u n c t i o n t o be min imized , i n our case t h e c y l i n d e r 
w e i g h t , i s t h e p a y - o f f or the performance f u n c t i o n and the term w i t h 
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t h e p e n a l t y p a r a m e t e r ( a l s o known a s " w e i g h t i n g f a c t o r ) i s c a l l e d t h e 
p e n a l t y f u n c t i o n . T h u s , b y a d d i n g t h e c o n s t r a i n t t o t h e p e r f o r m a n c e 
f u n c t i o n i n some f o r m a s a p e n a l t y one o b t a i n s t h e a u g m e n t e d o b j e c t i v e 
f u n c t i o n . D i f f e r e n t f o r m s o f p e n a l t y f u n c t i o n s h a v e b e e n u s e d i n 
p r a c t i c e ( o n e who i s i n t e r e s t e d s h o u l d r e f e r t o a n y s t a n d a r d b o o k on 
o p t i m i z a t i o n o r n o n l i n e a r p r o g r a m m i n g ) . T h i s w a y t h e c o n s t r a i n e d 
m i n i m i z a t i o n p r o b l e m i s c o n v e r t e d i n t o a n u n c o n s t r a i n e d m i n i m i z a t i o n 
p r o b l e m . T h e e f f e c t o f t h e c o n s t r a i n t on t h e v a l u e o f t h e p e r f o r m a n c e 
f u n c t i o n i s g r a d u a l l y d i m i n i s h e d a n d i n t h e l i m i t when t h e c o n s t r a i n t 
i s s a t i s f i e d , t h e v a l u e o f t h e p e r f o r m a n c e f u n c t i o n a p p r o a h c e s t h e 
v a l u e o f t h e a u g m e n t e d o b j e c t i v e f u n c t i o n . T h e a d v a n t a g e o f t r a n s ­
f o r m i n g t h e c o n s t r a i n e d p r o b l e m i n t o a n u n c o n s t r a i n e d p r o b l e m i s t h a t 
much s i m p l e r o p t i m i z a t i o n a l g o r i t h m s c a n b e e m p l o y e d . 
By a t h o r o u g h s c r u t i n y t h e number o f i n d e p e n d e n t v a r i a b l e s o f 
t h e r e s u l t i n g a u g m e n t e d f u n c t i o n i s r e d u c e d t o a m i n i m u m . T h e n a n 
u n c o n s t r a i n e d o p t i m i z a t i o n i s p e r f o r m e d t o m i n i m i z e t h e o b j e c t i v e 
f u n c t i o n w . r . t . t h e i n d e p e n d e n t v a r i a b l e s a n d t h e g e n e r a t e d d a t a a r e 
r e c o r d e d . A n a t t e m p t h a s b e e n made t o p r o d u c e a h i g h l y a u t o m a t e d 
d e s i g n p r o c e d u r e w i t h l e a s t a m o u n t o f w a s t e d c o m p u t e r t i m e so a s t o 
t a k e c a r e o f t h e i n e q u a l i t y c o n s t r a i n t s . D a t a p r o d u c e d f r o m t h i s 
p r o g r a m a r e t h e n u s e d i n a s e c o n d p r o g r a m t o f i n a l l y o b t a i n a d e s i g n 
s a t i s f y i n g a l l t h e c o n s t r a i n t s w i t h m i n i m u m w e i g h t . T h i s m e t h o d 
p r o v i d e s t h e d e s i g n e r w i t h t h e r e q u i r e d i n s i g h t t o g e n e r a t e new d e s i g n s 
w i t h m i n i m u m p e n a l t y i n w e i g h t i n v i e w o f c h a n g i n g c o n s t r a i n t s a n d 
r e q u i r e m e n t s s u c h a s a v a i l a b i l i t y o f m a t e r i a l a n d f a b r i c a t i o n c o s t s . 
I t g i v e s f u l l f r e e d o m t o t h e d e s i g n e r , b a s e d on g e n e r a t e d d a t a , n o t 
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o n l y t o a v o i d the s imul taneous occurrence o f v a r i o u s f a i l u r e modes 
h u t even t o separa te them a t w i l l so as n o t t o i n c r e a s e the imper ­
f e c t i o n s e n s i t i v i t y o f the system. F i n a l l y , w i t h s m a l l a d d i t i o n a l 
computer t ime i t a l l o w s one t o cons ider a l l p o s s i b l e shapes o f 
s t i f f e n e r s and the e f f e c t o f v a r y i n g minimum gauge on the w e i g h t o f 
t h e composite s h e l l . 
1 0 
C H A P T E R I I 
M A T H E M A T I C A L F O R M U L A T I O N O F T H E P R O B L E M 
G e n e r a l I n s t a b i l i t y C r i t i c a l L o a d 
W i t h t h e a s s u m p t i o n s g i v e n i n A p p e n d i x A , t h e c o o r d i n a t e s y s t e m 
a n d s i g n c o n v e n t i o n s s h o w n i n F i g u r e s 1 a n d 2 , a n d f o l l o w i n g t h e s t e p s 
o u t l i n e d i n R e f e r e n c e s [ 2 7 ] a n d [ 2 8 ] , t h e s i n g l e h i g h e r o r d e r D o n n e l l -
B a t d o r f t y p e o f d i f f e r e n t i a l e q u a t i o n f o r t h e c o m p o s i t e c i r c u l a r 
c y l i n d r i c a l s h e l l i s g i v e n b y : 
1 + P y y t f ( 1 - V . 
y y x x / x x 
+Myy 
+ K w; ' . + 2 K w } 1 = 0 ( l ) 
yy yy s xyJ 
• w h e r e t h e o p e r a t o r s y^, 7^ a n d V p g i v e n b y 
w L i + P y y ax u P y y ax 3 y 9y J 
b ptrJ A i â  1+\y â  , 
1 1 
FIGURE 1 : SHELL GEOMETRY 
Figure. 2 : Sign Convention 
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/ L \ x x d , d , . j - y y d 
P h- P U 2 1 4-"\ U 
a n d t h e c l a s s i c a l s i m p l y s u p p o r t e d b o u n d a r y c o n d i t i o n s ( a t x = 0,L) 
a r e : 
2-
N 1 = ) u ; + iv? + ^ ) - X w , 1 = o 
x x v A x x ' ' x \ y R / 2_ x x ; x x tt R 
v 1 =0 (3) 
w 1 = 0 
r. - A x ^ i i i ^ B ! J £ i 
x x = L > x x + A 2 _ v2 )V2>'» " "*„ + - x ' 
T h e s u p e r s c r i p t 1 p a r a m e t e r s c o r r e s p o n d t o t h e a d d i t i o n a l s m a l l c h a n g e s 
i n t h e "buckled e q u i l i b r i u m s t a t e o v e r t h e membrane s t a t e . T h e c o n s t a n t s 
A^(I=L TO 10) INTRODUCED HERE FOR BREVITY ARE GIVEN BY 
A 3 = * A x + *%y + + % + SVV(l^)] 
= (L + I ) ( l + X ) - v' 
6 x x ' YY' 
( G J ) X ( G J ) Y 
A T = 1 + 2J)l + 2Dl X Y 
A 8 




A 10 = 
( 1 + ^ ( 1 - ^ ) + 2 X ^ ( 1 + - ^ ) 
( l - v ) ( l + X x x ) 
IT SHOULD BE NOTED THAT THE FOLLOWING PARAMETERS HAVE BE 
INTRODUCED IN THE ABOVE EQUATIONS. 
1 5 
E A ( l - v 2 ) E A ( l - v 2 ) 
Xxx ~ Ehl ' Xyy " E h £ 
/ r , v 2 e , ^ s 2 e 
x \ L / R 9 y ~ \ L / R 
E I E I 
X x c 
P x x - Blx > Pyy ~ Dly 
_ 2 , _ 2 , 1 / 2 H L 
L ( 1 - y " ) ' . ^ x y 
TT E 
^ ( 5 ) 
X X 
a n d D = E h / l 2 ( l - v ) . T h e s u b s c r i p t s x a n d y r e f e r t o t h e s t r i n g e r s 
a n d r i n g s r e s p e c t i v e l y . 
U s i n g t h e d e f i n i t i o n s o f v a r i o u s o p e r a t o r s f r o m E q u a t i o n ( 2 ) 
i n t o E q u a t i o n ( l ) , t h e r e s u l t i n g s i n g l e h i g h e r o r d e r b u c k l i n g e q u a t i o n 
i s 
w Li+Pyy ax4 i+Pyy Sx ay ay J 
+ ^ 7 ^ (^Kui^) ^ 1? + ̂  Ja? 
8 1 8 1 0 8 1 , v 2 6 1 
J dx 5y dx ay 17 ̂  ay 3x 
1 6 
+ 2(£\ 
5 R I 
a 6 1 






d W I LL d V 
+ 5—" dx I + ^ X ax ay I + X ^ dy 
, 2 N N 1 I L XX d W 
Y Y W VttR/ , , - L 




* 6 1 
d v 
y dx dy 
5 _ ^ Y _ dw _ / ? \ _ _ v _ £ W 
1 + \ c x ^ L+X dx 
XX 
+ 
^ 1 S 2 L+X . 4 1 « D V /JR\ YY D W | 










A L L+X A I _ T X 2 d w vy_ d y 1 /L\ 
2 2 + - IT " Vtt y dx^dy L+X „ dy J W L + p 
XX yy 
2 1 2 1 2 1 
K ) ^ + K ^— + 2K f S - l = 0 xx/ ^_2 yy 2 S dxdyj DX dy 
( 6 ) 
IT SHOULD BE NOTED THAT FOR A PURE TORSIONAL LOADING K = 0 = K AND 
XX YY 
FOR THE LOADING CASE OF TORSION COMBINED WITH AXIAL COMPRESSION, K = 
SINCE NO CLOSED FORM SOLUTION I S POSSIBLE FOR THE ABOVE DIFFER­
ENTIAL EQUATION, THE GALERKIN PROCEDURE IS EMPLOYED. THE SERIES USED 
(REFERENCE [ 2 8 ] ) IN THE PROCEDURE I S GIVEN BY 
V 1 „ y r 
APPR. L L 
A SIN § ^ + B C M R M S M (7) 
M=L 
1 7 
WO SUMMATION OF N I S REQUIRED "BECAUSE OF UNCOUPLING OF THE TERMS. 
FOR DETAILS ON SATISFACTION OF BOUNDARY CONDITIONS SEE REFERENCES [ 2 8 ] 
AND [ ^ 2 ] . FOR THE ERROR TO BE A MINIMUM THE FOLLOWING EQUATIONS MUST 
BE SATISFIED (GALERKIN INTEGRALS) 
L 2TTR T 
I 1 ^ ^ A P P R . ^ 
O O 





. M'RRX > SIN —-— DY DX = 0 ( 8 ) 
WHERE M' = 1 , 2 , . . . , oo. 
SUBSTITUTION FROM EQUATIONS ( 6 ) AND ( 7 ) INTO EQUATION ( 8 ) AND 
EXECUTION OF THE REQUIRED INTEGRATIONS LEADS TO THE FOLLOWING CHARAC­
TERISTIC EQUATION (ONLY UP TO 7TH ORDER SHOWN HEREIN). 
M 1 2 3 k 5 6 7 M' 
1 • Y L 3 S h 
1 5 S 
0 




- | K 
5 S 
0 - 2 L K S 0 
3 0 5 s Y 3 
1 2 -
7 K s 0 3 s 0 
k 1 5 s 0 m 
7 S 
9 s 0 
28^. 
" 3 3 K S 
5 0 " 2 l K S 0 9 S W 
1 1 S 
0 
6 
3 5 S 
0 
3 S 
0 1 1 S ^6 
k2-
- T̂ TK 
1 3 S 
7 0 - I |IC 
4-5 S 
0 - R̂ RK 
3 3 S 
0 - TTTK 




,2 A \ = K + ̂ Jfir rf - * X > 2 ~ ] ( 1 0 ) 
TT \ 1~ V ) lj 
THE NEW CONSTANTS INTRODUCED I N EQUATION ( 1 0 ) ARE G I V E N BY 
A±1 = (l+p̂nA + 2 A T M 2 3 2 + ( L + p 
A 1 2 = KxV^ + V 1 ^ + A 3 M ^ 4 + \m2V6 + ~el V 8 
- - 6 k 2 - - 2 k k - 2ve X M + 2Acm 3 - 2ve A M 3 + A/-M X X X 5 ^ Y YY 6 
A 1 3 = ( 1 + X X X ) M L + + A L M 2 P 2 + ( 1 + X Y Y ) 3 ^ 
A 1 4 
^XX 6 , . kQ2 ^ 2Qk 
S\W L E X - 7 ~ m + A 8 m P + A 9 m P X X 
( 1 1 ) 
XW 6 k V 2 2 1 + X Y Y Al 
+ E ****** 3 + NI — A L N M 3 + M 3 
y l+X l+X 1 + X V V 
XX XX XX 
^ X X ^ 
WHERE E I S THE R A T I O OF P R E S S U R E TO A X I A L LOAD C O E F F I C I E N T S , K / K , 
* * YY X X ' 
3 = NL/RRR, AND M = 1 , 2 , 3 , . . . ,<». 
SOLVING EQUATION ( 9 ) FOR K AND M I N I M I Z I N G W . R . T . 3 , SO THAT 
S 
3 ^ 2L/ t tR"*, THE C R I T I C A L LOAD C O E F F I C I E N T , K I S OBTAINED FOR ANY 
S 
CR 
• * I T SHOULD BE NOTED THAT N = 0 I S NOT P O S S I B L E AS I T DOES NOT 
G I V E ANY D E F L E C T I O N MODE I N THE C I R C U M F E R E N T I A L D I R E C T I O N [ S E E E Q U A ­
T I O N ( 7 ) ] . A L S O N CANNOT BE EQUAL TO ONE S I N C E I T R E P R E S E N T S A R I G I D 
BODY D I S P L A C E M E N T . HENCE N MUST B E GREATER THAN OR EQUAL TO 2 . 
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given shell geometry. This requires one dimensional search for K 
• e m f c t x n i s o n e s a m e u s e u l u r g e n t : r a x - L i l t ; O C ± U - L J ~ L i>y. n u w e v e r , 
L
2 ( ! _ 2 ) 1 / 2 \ 
,{= —* ' j changes because of changed value of L. The critical uniform torsional stress resultant for panel instability, N is 
xypcr 
obtained from the basic definition of K so that 
s 
cr 
The higher the order of the determinant, the better the solution con­
verges to the classical general instability buckling load, but at the 
same time the computer time increases severely. On this point, care 
has been taken to consider the least possible order of determinant in 
order to get the best possible results for each loading case. 
For a pure torsional load, the last term "with K in Equation (10) 
XIX 
is zero. For torsion combined with axial compression, K has a speci-
XX 
fied value but | = 0. If all the three types of loads are present then 
the known (applied loads) values of K and § are substituted in Equa-
XX 
tion (10). 
Panel Instability Critical Load 
The panel instability critical load coefficient, K , for any 
given geometry, is obtained by setting all ring parameters equal to zero, 
i.e. 
\ y = ° ' Pyy = ° 
e =0 
y letting L = £ , solving the determinant, Equation (9)* for K , and by y s 
minimizing it w.r.t.3 so that 3 ^ 2L/ttR. Once again, a one-dimensional 
search is required. It should be noted that the skin thickness, h, 





P r e b u c k l i n g S t r e s s e s 
W i t h t h e a s s u m p t i o n t h a t o n l y t h e s k i n t a k e s t h e membrane s h e a r 
f o r c e , t h e s t r e s s r e s u l t a n t s a r e r e l a t e d t o t h e s t r a i n s b y t h e r e l a ­
t i o n s 
E A 
T. t o E h / o o v , x x o 
N x x = T T ( e x x + V e y y } + ~T~ £ x x 
1 - V X 
E A 
..To E h / o O x y y o / N 0 N 
y y x _ v 2 y y x x ' £ y & y y 
T V T ° E h o / , \ 
w h e r e t h e s u p e r s c r i p t " o " r e p r e s e n t s t h e p r e b u c k l i n g p a r a m e t e r s . A l s o 
f r o m a s t a t i c a l s o l u t i o n 
x x 2 
N ° = qR (Ik) 
y y 
X y 2 r r R 2 
S u b s t i t u t i n g 
A A 
a n d -x x x 
E x ( l - v 2 ) % E y ( l - v 2 ) 
N = K ( 2 2 ) 
x y p sp _ 2 ' 
^ c r -^cr L 
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from Equation (5) and N° , N° , N° from Equation (lk) into Equation x ' xx yy xy v ' 
(13), putting § = (= K^/K^J and solving for e ° v , one easily 
obtains 
yy xx' 0 xx' yyJ 
(15) 
,° _ (l^L\ ft 
•yy - Eh J . , , , , . - v .2 
Now the stresses in the skin and the stiffeners are given by 
CT / E \ / o o \ XXsk = \—S) <exx + v syy} 1-v 
E 
a (16) 
°xy . = G Y° J sk xy xy 
a = h e xx , x xx st 
yyr y yy 
From Equations (13), (15) and (l6), the prebuckling stresses in the 
skin, stringers and rings are given by 
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Stresses in Skin 
ft 
(1 + + V y) - v 
s 
xy 
Stress in Stringers 
^ N i ^- _ (irb) 
Stress in Rings 
BjX-v2) . S(l + l^) - v(| - l ) 
™r E h ( l + X x x ) ( l + - V ) - v 2 
I t should "be noted that for a pure torsion case all stresses are 
zero except a 
xysk 
Local Buckling of Stringers and Rings 
For a pure torsional load there are no stresses either in the 
stringers or in the rings and therefore there is no stiffener "buckling. 
For the loading case torsion combined with axial compression 
with or without (internal) lateral pressure and internal stiffening, as 
2 3 
c o n s i d e r e d i n t h i s w o r k , t h e r i n g s a r e a l w a y s i n t e n s i o n a n d s o , once 
a g a i n , t h e r e i s no p o s s i b i l i t y o f r i n g b u c k l i n g f a i l u r e . H e n c e , t h e 
b u c k l i n g f a i l u r e o f r i n g s d o e s n o t e x i s t f o r t h e s y s t e m c o n s i d e r e d . 
H o w e v e r , i f one h a s t o c o n s i d e r e x t e r n a l p r e s s u r e a n d / o r o u t s i d e 
s t i f f e n i n g , t h e r i n g s c o u l d b e i n c o m p r e s s i o n a n d one s h o u l d r e f e r t o 
[ 2 6 ] f o r f i n d i n g t h e c r i t i c a l s t r e s s e s i n t h e r i n g s . 
I n t h e c a s e o f c o m b i n e d l o a d c a s e , m e n t i o n e d a b o v e , t h e s t r i n g e r s 
a r e u n d e r c o m p r e s s i o n a n d t h e i r b u c k l i n g f a i l u r e h a s t o b e c o n s i d e r e d . 
T h e s t r i n g e r s a r e t r e a t e d a s c o l l e c t i o n o f f l a t p l a t e s . F o r a l l o p e n 
t y p e s t r i n g e r s e x c e p t i n g r e c t a n g u l a r , when t h e r i n g s a r e d e e p e r t h a n 
t h e s t r i n g e r s , t h e p o r t i o n o f t h e s t r i n g e r b e t w e e n a n y t w o a d j a c e n t 
r i n g s i s t r e a t e d a s a r e c t a n g u l a r f l a t p l a t e o f l e n g t h 1 , t h e web 
y 
c o n s i d e r e d a s f o u r e d g e s s i m p l y s u p p o r t e d a n d t h e f l a n g e a s t h r e e e d g e s 
s i m p l y s u p p o r t e d a n d t h e f o u r t h e d g e f r e e . When t h e s t r i n g e r s a r e 
d e e p e r t h a n t h e r i n g s , t h e p o r t i o n o f t h e s t r i n g e r web u p t o t h e r i n g 
d e p t h i s c o n s i d e r e d a s a r e c t a n g u l a r f l a t p l a t e o f l e n g t h £ w i t h a l l 
y 
f o u r e d g e s s i m p l y s u p p o r t e d , a n d t h e o u t s t a n d i n g p o r t i o n o f t h e web * 
i s t r e a t e d a s a r e c t a n g u l a r f l a t p l a t e o f l e n g t h L w i t h t h e f o u r e d g e s 
s i m p l y s u p p o r t e d . T h e f l a n g e s a r e t r e a t e d a s r e c t a n g u l a r p l a t e s w i t h 
t h r e e e d g e s s i m p l y s u p p o r t e d a n d one e d g e f r e e . T h e r e b e i n g n o f l a n g e s , 
t h e o u t s t a n d i n g p o r t i o n o f r e c t a n g u l a r s t r i n g e r s a r e t r e a t e d a s t h r e e 
e d g e s s i m p l y s u p p o r t e d a n d t h e f o u r t h e d g e f r e e h a v i n g l e n g t h L . When 
t h e r i n g s a r e d e e p e r , t h e n a r e c t a n g u l a r s t r i n g e r i s t r e a t e d a s a 
p l a t e o f l e n g t h 4 w i t h t h r e e e d g e s s i m p l y s u p p o r t e d a n d t h e f o u r t h 
y 
e d g e f r e e . A l l t h e e d g e s o f a h a t s t r i n g e r a r e t r e a t e d a s s i m p l y 
s u p p o r t e d . I t w a s o b s e r v e d , f o r t h e c o m b i n e d l o a d c a s e a n d t h e d e s i g n s 
2k 
c o n s i d e r e d , t h a t because o f e i t h e r the s t r e s s becoming h i g h e r than t h e 
y i e l d s t r e s s or t h e c o n s i d e r a t i o n o f minimum gauge , the s t r i n g e r depth 
was a lways l e s s than t h e r i n g d e p t h . 
The c r i t i c a l s t r e s s e s f o r v a r i o u s t y p e s o f s t r i n g e r s used i n 
t h i s work are found from B l e i c h [29] and Bulson [30] f o r the c a s e 
when the r i n g s are deeper than t h e s t r i n g e r s and are g i v e n i n Table 1. 
The d i m e n s i o n a l p r o p o r t i o n a l i t i e s o f the s t r i n g e r s are shown i n 
F i g u r e B l o f Appendix B. 
Skin Wrinkl ing 
Pure T o r s i o n 
For a pure t o r s i o n a l load t h e p r e b u c k l i n g s t r e s s i n the s k i n i s 
g i v e n by 
a. 
_ _xy. 
x y s k " h 
Assuming a l l t h e supported e d g e s o f t h e s k i n a s s imply supported and 
t r e a t i n g i t a s a f l a t r e c t a n g u l a r p l a t e t h e l o c a l b u c k l i n g s t r e s s , from 
R e f e r e n c e [29], i s g i v e n by 
- x y --^(l) (5.3**4) <18> x y s k I 2 ( i - v 2 ) v w v m J cr v ' 
where cy = a / b = a s p e c t r a t i o , r a ' s t a n d i n g f o r t h e b i g g e r d imens ion 
and ' b ' t h e s m a l l e r d imens ion out o f JL and t . 
x y 
T o r s i o n Combined w i t h A x i a l Compression ( w i t h o u t L a t e r a l P r e s s u r e ) 
For t h i s t ype o f l o a d i n g , t h e p r e b u c k l i n g s t r e s s e s i n t h e sk in 
Table 1. Critical Stresses in Stringers. 
f inger a x x S t « CTxxst„ Type cr fcr 
RS 
TS 
I A S 
CS,ZS 
TT̂E ,X> .2̂ 61 .2 x _ 
m 
X 
2 . 2 
3(l-v2) W 12(l-v")xuf*"W L X ^ y 
2_ 2* 2̂  2 2 
n ^ x A*\ ^ x / t f x \ f ^ f x - ^ x N 6(l-v)l 
3(i-v2) lad-ZlVV Ll *t / i t 2 J 
r r ^ , t 2 rr^ t„ 2,-.b f wx \ " x i^Af/te , 6(l-y)-| 
u -2t ; w T J A O L U J + _2 J 
3(1-v2) V d w x " 2 t f x / lag-y f*7 L X V 
(Continued) 
Table 1. Critical Stresses in Stringers. (Continued) 
Stringer 
Type xxstw cr xxst fcr 
IS 
X 
2 2 £t*r b. 





w _ 2v d̂ -t„ 12(1-v ) wx fx 
2 2 d -t_ wx fx 
) L\- 1 
/ 2 J T  
TT2E. * 
(d -t„. ) 
ttE 
3(1-v ) x ux"u 3x 3(l-v') v " l x ' 
U l x V 
* In the case of design without minimum gauge, i t is possible that < 1 and then 
the web will behave as a short plate. If this be so, then the critical buckling stress in the web 
ttE 2 £ 2 
will have the form: ff = * o fc) f + "f ) • *or example, for IS, 
cr 12(1-v ) y 
tt̂ E , t 2 4 -2t_ I ^ 
x / wx \ / wx fx y \ 
2 7 
a r e g i v e n b y E q u a t i o n ( 1 7 a ) . A g a i n t r e a t i n g t h e s k i n a s a f l a t 
r e c t a n g u l a r p l a t e w i t h a l l f o u r e d g e s s i m p l y s u p p o r t e d a n d n e g l e c t i n g 
t h e s m a l l v a l u e o" c o m p a r e d t o <T a n d CT , , t h e c r i t i c a l s t r e s s y y s k * CTxxsk °xysk 
i n t h e s k i n , f r o m R e f e r e n c e [ 2 9 ] i s g i v e n b e l o w , 
( a ) F o r c y ( = IlJII^) - 1 ( L o n g p l a t e ) : 
a 
^ s k 
c r 
CTXX ~ ^ CTXV 
X X s k x y s k 
c r c r 
w h e r e 
* ~ 3 + 2 
C Y 
( b ) F o r 1 / 2 < a ( = I / l ) < 1 ( s h o r t p l a t e ) : 
x x . 1 x y . 
sk J sk 
c r c r 
w h e r e 
, hg2 + 5 . 3 ^ 
= 7~2 7T2~ 
( c y + 1 ) 
F o r ( a ) a s w e l l a s ( b ) , 
1 = a x x / C T x y , 
sk sk 
( 1 9 a ) 
( 1 9 b ) 
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Torsion Combined with Axial Compression and Lateral Pressure (internal) 
Once again for this loading case, the prebuckling stresses in 
the skin are given by Equation (rfa), but CT is no more negligible 
•̂ sk 
compared to a and a . Hence a is found by the program 
XXsk xysk xysk 
cr 
developed in Reference [31] by considering the skin as a circular 
cylindrical panel of length I and width jr with all four edges simply 
y * 
supported and substituting all the stringer and ring parameters equal 
to zero, i.e. 
x̂x ~ 0 ' \ y = 0 
p = 0 ; p = 0 Kxx pyy 
e = 0 : e = 0 
x y 
R and h are known already but Z has a different value for different JL » 
Von Mises-Hencky Yield Criterion for the Skin 
During the combined loading the skin is subjected to <j > 0! 
xx yy and <j . If k is the yield stress in pure shear then applying the von xy 
Mises-Hencky yield criterion, the second invariant of the deviatoric 
part of stress in the skin, & is given by 
2 2 I / O 
= , xx CTyy x x j y . 2 \ ( } 
s \ 3 xy/ 
a must be less than k and the ratio a /k gives the skin yielding s s 
coefficient, SY, which must be within allowable limits. 
Formulation of the Objective Function and Design Variables 
Neglecting the common stiffener materials at the stringer-rin^ 
2 9 
INTERSECTIONS, THE WEIGHT OF THE COMPOSITE SHELL I S GIVEN "BY 
L 2ttR A L 2ttR A 
W = 2N R L h p s k + p x / J ^ D Y D X + p / J f DYDX . ( 2 1 ) 
O O X O O Y 
SUBSTITUTING A ft AND A fl FROM EQUATION ( 5 ) AND PERFORMING ° x' x Y' Y 
THE INTEGRATIONS 
W = 2^> J x + - I , + JA*)] (22) 
1-V X^SK Y^SK 
WHICH, FOR THE CASE WHEN E = E = E AND p = p = p , BECOMES 
X Y sk X Y 
W = 2NRLHP [ L + X x x + 2 ^ 1 (22A) 
1-V J 
IN EQUATION ( 2 2 ) , THE THREE TERMS REPRESENT THE INDIVIDUAL WEIGHTS OF 
THE SKIN, STRINGER AND RING MATERIALS RESPECTIVELY. 
BASED ON THE PREMISE THAT GENERAL INSTABILITY I S ONE OF THE 
ACTIVE MODE OF FAILURE, W I S MINIMIZED SUBJECT TO THE EQUALITY CON­
STRAINT THAT N SHOULD HAVE A SPECIFIED VALUE N . THUS, THROUGH 
THE USE OF PENALTY PARAMETER THE AUGMENTED OBJECTIVE FUNCTION I S 
W* = I + x|S - N I ( 2 3 ) ^1 XY XY' V ' 




XY -p S 2 W 2 S ^CR L CR 1 2 ( 1 - V )L CR 
FROM EQUATION ( 5 ) AND W FROM EQUATION ( 2 2 ) IN EQUATION ( 2 3 ) AND 
2 2 
RECALLING THAT RH/L (L-V ) = L/Z, (AFTER COMPLETING THE ALGEBRAIC 
MANIPULATIONS) THE NONDIMENSIONALIZED FORM OF THE OBJECTIVE FUNCTION 
BECOMES 
W* = F + X*|K* - Z N * I (2k) 
I S X V I ' 
CR 
WHERE 
W* = A E -
2 „ L 3 P S K D - V 2 ) 1 / 2 
W = 1 + 
L - V 2 U X P S K V S * ' 
^ = _ X J I L E ( 2 5 ) 
2UP R SK 
F S 




N ^ E L ^ L - V 2 ) 
N 
L, R, N , v j E ' S AND p ' S ARE FIXED FOR A PARTICULAR DESIGN 
PROBLEM FROM PRACTICAL CONSIDERATIONS. FURTHERMORE, STARTING WITH 
THE DEFINITIONS GIVEN IN EQUATION (5)> E , E , p AND p ARE EXPRESSED 
N ' X 7 Y' KXX RYY * 
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in terms of Z, A^, \fyf nondimensionalized radii of gyration cv̂ , ay 
and shape parameters and for all types of stiffeners as shown 
"below. By doing this not only the number of independent variables are 
reduced to a minimum but also the resulting design parameters, \ ^ and 
\ , even though unbounded, have a shorter range. 
2, 2,1/2 2,. 2,1/2 
= n Cfcjj ) — ( i + c i ) ; i = n } (1 + C 6 ) 
2Z v x x' 3 y 2Z v y y' 
(26) 
yy "y yy 
-2 - -2 -
x̂x ~ x̂ 'Sex 7 Pyy ~ 01 y where cv = p (d /h) and cv = p (d /h), p and p being the stringer x *xv x7 ' y ^yv y7 " x̂ -̂ y & ° 
and ring shape multipliers for their radii of gyration. Also, recalling 
that the torsional rigidity J for a closed type of stiffener is given by 
J=^4" (2T) s ds N 7 
where A = total area enclosed by the center line of the wall, t is the 
thickness and s is the length of the center line of the wall cross 
section, one can easily show that 
(GJ)x (GJ) _2 - -2 , 
2B~t~" + §5t = Qx *xx «x + qy \ y a y ( 2 8 ) 
x y 
q and q being the stringer and ring shape multipliers for their 
x y 
torsional rigidities. The expressions for C , C , p , p and q , q 
x y x y x y 
for different stiffener shapes are shown in Appendix B for the opened 
3 2 
and closed type of s t i f feners used herein. 
I t can eas i ly be seen that C , C , p , p , q , q have def in i te J x y *.3r y x' y 
numerical values depending upon the geometric p ropor t iona l i t i e s of the 
s t i f feners used. In addit ion, 3 i s fixed from the fact tha t i t must 
have a def in i te value to yield K . Hence ¥ i s given by 
s 
cr 
W* = W*(Z, l^, Xyy, i x , i y ) ( 2 9 ) 
Equation ( 2 ^ ) i s derived from Equation ( 2 3 ) . A simple compari-son shows tha t as \ - » oo the unconstrained minimization of ¥ approaches 
the constrained minimization of ¥ with K = Z N • which implies the s xy 7 cr 
constrained minimization of ¥ with N = N , as desired. P rac t i ca l xy xy J c r • 
l imi ta t ions on d^ and d y always put upper bounds on cfx a*id a . From a 
MG consideration on the skin thickness, h or otherwise the bounds on Z 
-•)f 
can be eas i ly fixed. So for a fixed and given value of N , ¥ i s a 
function of five independent var iab les . The method adopted in t h i s 
work i s to fix <y 3 <y and Z, subs t i tu te the known value of N and x "y 3 xy 
-•x- _ 
minimize ¥ w . r . t . the two d iscre te var iables \ and \ . The search 
*xx Ayy 
techniques, solution procedures, and the design steps employed for 
each loading case so as to yield the minimum weight design satisfying 




MINIMUM WEIGHT DESIGN SOLUTION PROCEDURES 
As shown in the previous chapter, for a pure torsional type of 
load the prebuckling stress in the skin is pure shear, and the 
stiffeners are stress-free.' However, for a combined load case with or 
without lateral pressure the skin is subjected to normal stresses in 
the direction of the x-y axes associated with a shear stress, and the 
stringers and rings are subjected to unidimensional compression and 
tension respectively. Besides, a minimum weight design for a combined 
load case demands an essential precaution to be taken care of. One 
has to be careful to see that the shell does not buckle with a single 
load at any stage of optimization. If the shell does buckle with a 
single load the solution thus obtained will not be the one sought for. 
Due to reasons stated above the solution procedures for the 
combined load case are quite different from that of pure torsion case. 
These are given below in detail. 
Pure Torsion 
The minimum weight design is obtained in two stages. In Stage 1 
the range of Z-values is found (see Appendix C) and the upper bounds on 
cy and a are fixed from practical considerations on d and d . For a 
x wy * x y 
fixed value of Z, an unconstrained minimization of W*, see Equation (2̂ ), 
is performed w.r.t. X x x and in - a space by using an optimiza­
tion technique. The data generated are recorded. In Stage 2 these data 
3^ 
are used to design a shell that satisfies all other constraints. 
Satisfaction of these constraints requires that the prebuckling stress 
in the skin, as given "by Equation (l7a), must be less than the yield 
stress in shear for the skin material so that yielding of the skin 
does not take place; the critical stress in the skin as given by 
Equation (l8) must be greater than the prebuckling stress found from 
Equation (l7a); the panel buckling load f must be greater than the 
X yp 
general instability load for panel buckling not to take place; 
and finally simultaneous failure modes should be avoided. Further­
more, if a MG (minimum gauge) design is desired then all the dimen­
sions must be greater than or equal to the prescribed value. 
Stage 1: Optimization and Data Generation 
In order to minimize W* w.r.t. X and X at fixed Z within the 
xx yy 
bounds of i x and i y decided upon, flexible polyhedron type of simplex 
method (Reference [32]) is used. This two-dimensional search technique 
is used because, as proved by Box [33] and supported by Himmelblau [3̂ ]> 
Siddall [35] and Dixon [36], when the function to be minimized is highly 
nonlinear, as in this case, i t is the most efficient by comparison to 
all the direct (derivative-free) search methods available at present. 
The reflection, contraction and expansion coefficients (#, k and y) are 
finally adopted equal to 1.0, 0.5 and 2.0, respectively, after trying a 
number of values and observing the rate of convergence. Incidentally 
the same values have been recommended in References [32] and [3^]. It 
has been shown in Reference [37] that when \* is sufficiently large then 
the unconstrained minimization of W* approaches the constrained minimi­
zation of W under the constraint K* = ZN* , the exact solution being 
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o b t a i n e d when \ * a p p r o a c h e s i n f i n i t y . T h e v a l u e o f | * e q u a l t o 10 i s 
f i x e d b y s e l e c t i n g d i f f e r e n t v a l u e s f o r t y p i c a l s e t o f p a r a m e t e r s a n d 
o b s e r v i n g t h e d i f f e r e n c e b e t w e e n 1* and W a n d t h e number o f i t e r a t i o n s 
r e q u i r e d f o r c o n v e r g e n c e . Lower v a l u e o f X * w i l l n o t e n s u r e c o n ­
v e r g e n c e [37]. W i t h t o o h i g h a v a l u e f o r X * t h e c o m p u t e r t i m e i n c r e a s e s . 
T h e m i n i m u m v a l u e o f W a s d e t e r m i n e d a b o v e i s d e n o t e d a s W. 
B e c a u s e o f t h e c o m p l e x i t y o f t h e f u n c t i o n i t i s n o t f e a s i b l e t o 
p r o v e a n a l y t i c a l l y t h a t t h e f u n c t i o n W * and t h e p e n a l t y f u n c t i o n a r e 
c o n v e x . H o w e v e r , i n o r d e r t o e n s u r e o b t a i n i n g a t r u e m i n i m u m , d i f f e r ­
e n t s t a r t i n g p o i n t s a r e t r i e d f o r s e l e c t e d s e t o f p a r a m e t e r s . 
T h e a b o v e p r o c e d u r e r e q u i r e s t h e e v a l u a t i o n o f K a t e a c h 
c r 
v e r t e x o f t h e s i m p l e x . T h i s i s o b t a i n e d b y s o l v i n g t h e d e t e r m i n a n t , 
E q u a t i o n (9) f o r K a n d m i n i m i z i n g K w . r . t . 3 ( = n L / n R , n b e i n g g r e a t e r 
s s 
t h a n o r e q u a l t o 2 ) . T h e h i g h e r t h e o r d e r o f t h e d e t e r m i n a n t , t h e 
b e t t e r t h e s o l u t i o n c o n v e r g e s t o t h e e x a c t v a l u e . I t w a s f o u n d b y 
S i m i t s e s [28] a n d c o r r o b o r a t e d i n t h i s w o r k , t h a t t h e c o n v e r g e n c e i s 
r a p i d a n d i t i s s u f f i c i e n t t o c o n s i d e r a f i f t h o r d e r d e t e r m i n a n t . So 
t h e f i f t h o r d e r d e t e r m i n a n t i s e x p a n d e d t o y i e l d a q u a d r a t i c e q u a t i o n 
i n K 2 w h i c h i s s o l v e d f o r K . T h e v a l u e o f K , t h u s o b t a i n e d , i s 
s s s ' ' 
m i n i m i z e d w . r . t . 3 b y t h e one d i m e n s i o n a l g o l d e n s e c t i o n s e a r c h t e c h ­
n i q u e , a s s u m i n g t h a t 3 i s a c o n t i n u o u s v a r i a b l e [38]. 
T h e n K g i s e v a l u a t e d f o r t w o i n t e g e r v a l u e s o f n , one on e a c h 
s i d e o f t h e n o n i n t e g e r v a l u e o f n a s d e t e r m i n e d b y t h e g o l d e n s e c t i o n 
t e c h n i q u e , a n d t h e one c o r r e s p o n d i n g t o t h e s m a l l e r o f t h o s e t w o v a l u e s 
o f K i s s e l e c t e d a s K 
s s 
c r _ 
A t y p i c a l p l o t o f W i s shown i n F i g u r e 3. 
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S t a g e 2: D e s i g n 
T h e s t e p s r e q u i r e d f o r a m i n i m u m "we ight d e s i g n w i t h d i f f e r e n t 
t y p e s o f s t i f f e n e r g e o m e t r i e s a n d d a t a g e n e r a t e d f r o m S t a g e 1 a r e l i s t e d 
b e l o w . 
1. F o r t h e v a l u e s o f Z s e l e c t e d f o r d a t a g e n e r a t i o n , f i n d a 
X y s k 
f r o m E q u a t i o n (17) a n d see t h a t t h i s v a l u e i s l e s s t h a n t h e y i e l d s t r e s s 
i n s h e a r f o r t h e s k i n m a t e r i a l . I f t h e s k i n h a s y i e l d e d , t h e n s e l e c t 
a s m a l l e r v a l u e o f Z . S t a r t d e s i g n w i t h t h e h i g h e s t Z - v a l u e f i r s t b y 
a d o p t i n g t h e f o l l o w i n g s t e p s . 
2. D e t e r m i n e t h e m i n i m u m number o f r i n g s (3 t a k e n i n t h i s w o r k 
[4 l ] ) a n d / o r s t r i n g e r s f r o m a c o n s i d e r a t i o n o f a p p l i c a b i l i t y o f t h e 
s m e a r e d t e c h n i q u e . T h i s w i l l f i x h i g h e r l i m i t s on £ a n d t^. N o t e 
t h a t t h i s s t e p m u s t a l s o i n c l u d e t h e p o s s i b i l i t y o f p r o d u c i n g o n l y a 
s t r i n g e r - s t i f f e n e d o r r i n g - s t i f f e n e d s h e l l d e s i g n . 
3. L o c a t e W . i n cv - cv s p a c e . T h e r e may b e many p o i n t s i n 
m m x y 
t h e cv - ex s p a c e w i t h t h e same v a l u e o f W = W . . F i n d t h e u p p e r bound 
x y m m 
o n -t ( o r & ) b y s u b s t i t u t i n g t h e v a l u e o f t ( o r & ) f r o m S t e p 2 b y 
x y y x 
t a k i n g c a r e t h a t 
o \ , „ > a. 
"cr 
x y s k x y s k 
h. I f a MG d e s i g n i s d e s i r e d t h e n f i n d t h e l o w e r b o u n d s on JL 
a n d t f r o m a c o n s i d e r a t i o n t h a t t a n d t m u s t be g r e a t e r t h a n o r e q u a l 
y x y 
t o t h e s p e c i f i e d MG. I f G = t h e s p e c i f i e d MG t h e n f o r d i f f e r e n t t y p e s 
o f s t i f f e n e r s t h i s l e a d s t o 
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RS;RR: I. > 1 
G i^l-v ) 
AS; AR, IAS; 
IAR, TS; TR: 
o 
G of (l-\T) 1 + c _.k. 
9 > 1 / 111 
1/2 
C, Z, IS; 
C, Z, IR: 
G ^(1-v2) (1 + 2c f ik.) 3/2 
X i i C1 + 6 c f i k i ) 172 
HS; HR: l 
G 51(1-V-') (k1± + 2 + 2 k 2 . ) 1/2 
X i i (6k
2 . + 8 k n + l 6 k 2 . + 24k2,. + h)1/2 
where i stands for x and y (stringer and ring parameters) in turn; 
there being no summation on i. 
Obviously this step is redundant for a WMG design. 
5. Within the bounds found in Steps 2 through h above, select 
values of 4^ and £ in order to give integer values for the number of 
stringers and rings. If the upper and the lower bounds on |^ and |^ 
from Steps 2 through 4 are not feasibly adoptable then move to another 
point having the same value of W . or to the next higher value as 
mm 
desired. 
This will lead to a nonunique solution unless the number of rings 
or stringers is fixed at the minimum level. 
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6. Find a with the adopted values of I and & and see 
xygk x y 
cr that SB (= a / a ) is within the desired limit. xysk xysk 
cr 
7. Find the panel buckling load, N and check for 
PB (= N /N ). If panel buckling takes place, avoid it by adopting 
xy xyp 
increased number of rings and/or stringers for the same point in cyx - a 
space. If this is not possible then move to a different point in 
— _ 
cv - cv space having nearly same value of W or next higher value as 
x y 
desired. 
8. Confirm that SB is not equal to PB. This avoids simultaneous 
occurrence of failure modes. If equal, separate them reasonably by 
adopting different values of ̂  and/or i, . 
9. Calculate the depths of stiffeners, ti^ from 
RS:RR: d. m h a. 
' i l 
AS;AR,IAS;IAR,TS;TR: d . = h cv. Wo 
1 (1 + ^ t l \ ) ¥ 
.1 + 2. X. 1 / 2 C,Z,IS;C,Z,IR: dyl = h ^ + g ^ A j 
k + 2 + 2k 
HS;HR: d. = h cv. 1 (6k̂ . + 8k1;. + l6k2. + 2^. + k) 172 
The value of d̂  are generally physically realistic. 
10. Find the thickness of the stiffeners from 
ko 
R S ; RR: t 
" E . d . d - v 2 ) 
E X . . hi. 
A S ; A R , I A S ; I A R , , T S ; T R : t . = = = = 
E . d . ( l - v ) ( l + c _ . k . ) 1 w i N ' v f i r 
t _ . = c „ . t . j b „ . = k . d w . 
f i f i w i ' f i 1 1 
C . , Z , I S ; C , Z , I R : t . 
EX - . hi. i i i 
" E . d v . ( l - v 2 ) ( l + 2 e f . k . ) 
t p . = c t . j b _ . = k . d . 
f i f i w i f i i w i 
E X . , hi 
HS;HR: t . ( = t , . ) = 
E . a w . ( l - v ) ( k + 2 + 2 k 2 . ) 
t _. = t n . = c _ . t . ; b _ . ( = b 1 ) = k.. . d ; f i 2 i f i w i ' f i f x l ' l i x ' 
b f x 2 = k 2 x d x 
1 1 . C a l c u l a t e t h e w e i g h t o f t h e s h e l l f r o m 
" s h e l l = 2 ^ L h 0 s k * 
1 2 . R e p e a t t h e a b o v e s t e p s f o r d i f f e r e n t z(h) v a l u e s a n d p l o t W 
v e r s u s h . F r o m t h e p l o t l o c a t e t h e v a l u e o f Z ( h ) f o r a b s o l u t e min imum 
w e i g h t o f t h e c o m p o s i t e s h e l l . 
1 3 . F i n a l i z e a l l t h e r e q u i r e d d i m e n s i o n s a n d t h e w e i g h t o f t h e 
hi 
SHELL AT THE VALUE OF Z -WHICH YIELDS THE MINIMUM WEIGHT DESIGN. 
lk. REPEAT ALL THE ABOVE STEPS FOR A DIFFERENT MG, IF SO 
DESIRED. 
TORSION COMBINED WITH AXIAL COMPRESSION 
WITH OR WITHOUT LATERAL PRESSURE 
ONCE AGAIN IT I S REQUIRED TO SOLVE DETERMINANT, EQUATION (9)> 
FOR K AND MINIMIZE W.R.T. 8 TO OBTAIN K . BUT IT WAS FOUND THAT A S M S CR 
FIFTH ORDER DETERMINANT WAS NO LONGER SUFFICIENT TO GIVE APPRECIABLY 
CORRECT VALUES OF K FOR ALL CASES. AT THE SAME TIME WITH HIGHER S CR 
ORDER OF THE DETERMINANT, THE COMPUTER TIME INCREASED RAPIDLY. TO 
OBVIATE THIS TROUBLE IT IS NECESSARY TO STILL CONSIDER A SMALL ORDER 
DETERMINANT AND GET THE BEST POSSIBLE ACCURACY FOR ALL CASES. FOR THIS 
PURPOSE, THE DETERMINANT, EQUATION (9) I S WRITTEN IN THE FOLLOWING 
FASHION 
| [ A ] + K S [ B ] | = 0 
I F {X} BE THE ASSOCIATED EIGENVECTORS, THEN THE RESULTS OF EQUATION ( 8 ) 
WRITTEN IN MATRIX FORM I S 
[ A ] + K G [ B ] [X] = 0 ( 3 0 ) 
WHERE [ A ] I S THE DIAGONAL MATRIX OF ( I = 1 , 2 , . . . , « ) TERMS ONLY; SEE 
EQUATION ( 1 0 ) . THE VALUE OF 3(==NL/RRR) MUST BE ASSUMED IN 
ORDER TO FIND THE ELEMENTS IN A. THE VALUE OF 3 CORRESPONDING 
TO THE MINIMUM POSSIBLE VALUE OF N, I . E . 2 IS SUBSTITUTED IN 
ORDER TO FIND K AND THEN K I S FOUND AS EXPLAINED LATER IN 
S S • CR 
k2 
this section. 
[B] is the matrix with all other terms except the diagonal terms are zero, with K taken out as a common term, s 
It should "be noted that A as well as B are symmetric matrices. Further-
more, A is positive definite (which is obviously true for the pure 
torsional loading, but it is also true for the combined loading if the 
shell does not buckle when K = 0). Hence the minimum eigenvalue, 
s K is always real. Also, the sign of the eigenvalue does not have min any effect on the solution. We find K , see Appendix D, from min 
gs. . = ̂ j^V/^ffv^} (3D 
where j = 0,1,2,-- are iteration numbers and V are calculated from 
[A]fV.+1] = - [B][Vj} (32) 
The initial vector [V' } is arbitrarily chosen. The corresponding eigen­
vectors are given by 
£xj+i] = *V +ss.+1{v2J+i} for p°sltive K 
(33) 
The above iteration process is continued until the difference 
between the eigenvalues obtained from two successive iterations is less 
than a specified value, e, for the convergence criterion to be satisfied, 
Alternatively, from a knowledge of the eigenvectors the order of 
3̂ 
t h e d e t e r m i n a n t c a n be r e a s o n a b l y r e d u c e d b y c o n s i d e r i n g o n l y t h e 
d o m i n a n t e l e m e n t s i n a n i n t e r m e d i a t e o r d e r d e t e r m i n a n t ( w i t h m a n d m 1 
i n E q u a t i o n (9) n o t n e c e s s a r i l y s t a r t i n g f r o m 1, f o r e x a m p l e , i t c o u l d 
b e f r o m 6 t o 12). I t i s f o u n d t h a t t h e o r d e r o f t h e d e t e r m i n a n t w h i c h 
y i e l d s t h e a b s o l u t e v a l u e o f t h e l o w e s t e i g e n v e c t o r n o t l e s s t h a n 10 
t o 15 p e r c e n t o f t h e h i g h e s t v a l u e w i t h t h e g r e a t e s t e i g e n v e c t o r t a k i n g 
a n i n t e r m e d i a t e p o s i t i o n i s s u f f i c i e n t t o y i e l d a p p r e c i a b l y c o r r e c t 
e i g e n v a l u e s K. . To s t a r t w i t h , one d o e s n o t h a v e a n y i d e a a s t o w h a t 
i n t e r m e d i a t e o r d e r d e t e r m i n a n t s u f f i c e s . H o w e v e r , b y p r i n t i n g o u t a l l 
t h e e l e m e n t s o f t h e e i g e n v e c t o r s f o r a n y a r b i t r a r i l y s e l e c t e d i n i t i a l 
r a n g e a n d o r d e r o f d e t e r m i n a n t , one g e t s a c l e a r p i c t u r e a s t o w h i c h 
o r d e r w i l l s u f f i c e . P r o v i s i o n i s made i n t h e p r o g r a m t o a d o p t a h i g h e r 
o r l o w e r o r d e r d e t e r m i n a n t d e p e n d i n g u p o n t h e a b s o l u t e v a l u e s o f l o w e s t 
e l e m e n t b e c o m i n g m o r e o r l e s s t h a n t h e s p e c i f i e d l i m i t . H e n c e t h e 
f o l l o w i n g s t e p s a r e a d o p t e d . 
1. C h o o s e t h e r a n g e o f m a n d m 1 f r o m a p r i o r i k n o w l e d g e , i f 
p o s s i b l e , o t h e r w i s e a r b i t r a r i l y . E x c e p t i n g f o r t h e c o m p u t e r t i m e , t h i s 
c h o i c e d o e s n o t a f f e c t t h e f i n a l r e s u l t . To s t a r t w i t h m a n d m' a r e 
t a k e n a r b i t r a r i l y e q u a l t o one a n d 15 r e s p e c t i v e l y . 
2. Compute K , X"*" a n d X 2 f o r t h e a b o v e r a n g e o f m a n d m' f r o m 
E q u a t i o n s (31), (32) a n d (33). T h e c r i t e r i o n f o r c o n v e r g e n c e a d o p t e d 
i n t h i s w o r k i s t h a t ( K - K ) / K < 0.01 w h e r e K a n d K a r e t h e 
S l
 S2 S2 S l S2 
v a l u e s o f K g a t s u b s e q u e n t i t e r a t i o n s . 
3. C h e c k t h e e l e m e n t s o f t h e e i g e n v e c t o r s X 1 a n d X 2 a n d a d o p t 
a new s e t o f v a l u e s o f m a n d m ' , i f r e q u i r e d , t o i n c l u d e o n l y t h o s e 
e l e m e n t s w h i c h i n f l u e n c e t h e b u c k l i n g mode t h e m o s t . T h e c r i t e r i o n 
adopted in t h i s work i s t h a t for randomly s e l ec t ed paramete rs the va lue 
of K obta ined wi th the lowest order de terminant should not d i f f e r from s 
a r easonab ly h ighe r order de te rminant by more than .015 p e r c e n t . 
4. F i n a l l y , c a l c u l a t e K , X 1 and X 2 from Equat ions (3l)> (32) 
and (33)« P r o v i s i o n i s made in the program t o adopt a new s e t of m and 
m' va lues i f the lowest va lues in the elements of X and X become more 
than 15 p e r c e n t of the most i n f luenc ing ampl i tude . 
Having found the lowest e igenvalue a s expla ined above, K i s 
s 
c r 
once aga in obta ined by minimizing K w . r . t . 3. I n s t ead of t r e a t i n g 3 
s 
a s a cont inuous v a r i a b l e and app ly ing the golden s e c t i o n method, i t i s 
found more economical (computer t imewise) t o apply a s e q u e n t i a l search 
t echn ique wi th va ry ing s t ep s i z e s by e v a l u a t i n g K g a t v a l u e s of 3 
cor responding t o numer ica l va lues of n (> 2) and comparing the subsequent 
v a l u e s . An approximate formula t ion (no t employed h e r e i n ) i s p r e sen t ed 
i n Appendix E for e s t i m a t i n g K for a given geometry and va lue of the 
s 
c r 
a p p l i e d load . 
Next, i t i s nece s sa ry t o perform an uncons t ra ined minimizat ion 
of W* see Equat ion (24 ) , w . r . t . the independent v a r i a b l e s and 1 
fo r f ixed Z and a t d i f f e r e n t v a l u e s of <y and & a s i n the pure t o r -
x "y 
s i o n a l load ing case . An impor tan t and d i s t i n c t f e a t u r e of the combined 
load case i s t h a t for a r b i t r a r i l y s e l ec t ed s t a r t i n g and \ a t f ixed 
cx , q> and Z a n o - s o l u t i o n zone i s encountered because the d iagona l 
x y D 
m a t r i x A in Equat ion (30) i s no longer p o s i t i v e d e f i n i t e . This occurs 
when one or more of the Ym in Equation (10) have nonpos i t i ve v a l u e . 
P h y s i c a l l y t h i s means t h a t the s h e l l w i l l buckle under the app l i ed a x i a l 
load wi thou t a p p l i c a t i o n of the t o r s i o n a l load . The only way t o 
^5 
c i r c u m v e n t t h i s d i f f i c u l t y i s t o f i n d t h e o p t i m i z i n g X ^ a n d \ , a t 
e a c h p o i n t i n cv^ - ot^. s p a c e f o r f i x e d Z w h e r e a s o l u t i o n i s d e s i r e d , 
r e q u i r e d t o w i t h s t a n d o n l y t h e a x i a l c o m p r e s s i o n ; i n c r e a s e X a n d 
X X 
X so t h a t b u c k l i n g w i t h o u t t o r s i o n a l l o a d d o e s n o t t a k e p l a c e ; a n d 
y y 
t h e n s o l v e f o r t h e c o m b i n e d l o a d c a s e . S i n c e t h e a i m o f t h i s w o r k i s 
i n no w a y t o d e v e l o p a s o l u t i o n f o r a x i a l c o m p r e s s i v e l o a d , a d v a n t a g e 
i s t a k e n o f t h e w o r k d o n e b y p r e v i o u s i n v e s t i g a t o r s . By e x t e n d i n g t h e 
w o r k o f R e f e r e n c e [ 3 1 ] f r o m p a n e l t o a c o m p l e t e c y l i n d e r t h e s o l u t i o n 
t o t h e a x i a l c o m p r e s s i v e l o a d i s f o u n d . 
I n o r d e r t o m i n i m i z e W w i t h t h e c o n s t r a i n t K* = Z N * , t h e 
s x y 
c r J 
a u g m e n t e d o b j e c t i v e f u n c t i o n i s r e f o r m u l a t e d f r o m E q u a t i o n (2^-) a s 
f o l l o w s ( s e e R e f e r e n c e [ 3 7 ] ) 
W * = W + L i m A* ( K * - Z N * f (3*0 
\ * - * o S c r X y 
I t s h o u l d be n o t e d t h a t f o r t h e c a s e o f t o r s i o n a l l o a d i n g \ * w a s a s s i g n e d 
a h i g h ( 1 0 ^ ) v a l u e a n d t h e same v a l u e w a s m a i n t a i n e d d u r i n g m i n i m i z a t i o n . 
A l s o t h e b r a c k e t e d t e r m was n o t s q u a r e d . F o r t h e c o m b i n e d l o a d c a s e s 
X* i s i n c r e a s e d g r a d u a l l y d u r i n g o p t i m i z a t i o n p r o c e d u r e f r o m a s m a l l e r 
v a l u e t o l O ^ ^ a n d t h e b r a c k e t e d t e r m i s s q u a r e d . T h i s w a y d u r i n g t h e 
i n i t i a l p a r t o f i t e r a t i o n s when t h e t e r m i n t h e b r a c k e t i s g r e a t e r t h a n 
u n i t y t h e n \ * h a s a s m a l l e r v a l u e a n d when i t becomes l e s s t h a n u n i t y 
t h e n \ * a t t a i n s a h i g h e r v a l u e . T h i s w a y t h e c o n s t r a i n t i s a p p l i e d 
g r a d u a l l y . T h i s h e l p s i n r e d u c i n g c o m p u t e r t i m e . Once a g a i n a n u n c o n -
V 
-•x- - - -
s t r a i n e d m i n i m i z a t i o n o f W i s p e r f o r m e d w . r . t . X x x a n d Xyy i n cy x - cv̂  
s p a c e a t f i x e d Z b y t h e f l e x i b l e p o l y h e d r o n t y p e o f s i m p l e x m e t h o d 
he 
referred earlier in this chapter. In order to make ¥ . independent 
r mm 
of the starting and as far as possible, the "best choice of 
2 initial \* is such that the initial value of - ZN* ) is of the a N s xy' 
same order as f. 
Fixing the range of Z-values becomes quite simple from a knowledge 
of the solutions of pure torsion and axial compression loads separately. 
From a practical consideration and for thin ring theory to hold (R/d ^ 20), the upper bounds on cy and cv are fixed. In essence, the v ' wy " x y * 
procedure for minimum weight design has to be to select different 
Z-values, generate data for different Z and within the bounds of cy x and 
01 as mentioned above, finalize the design with the types of stiffeners 
selected by satisfying all other constraints, change stiffeners' shapes 
and sizes to see their effect on the minimum weight, plot W versus h and 
obtain the final design. The constraints to be satisfied are (i) geo­
metric constraint on the dimensions for a minimum gauge design, if 
required, (ii) stress levels in the skin and stiffeners obtained from 
Equations (lT) must be such that yielding of the materials does not take 
place (von Mises-Hencky yield criterion, see Equation (20), is used for 
the skin), (iii) the critical stresses in the skin and stringer must be 
greater than the actual stresses (the ring being in tension does not 
buckle), (iv) panel instability does not take place, for which N 
XyP 
should be greater than N and PB (=fj /N ) is within allowable limits 
xy v xy/ xy ' 
and lastly, (v) simultaneous occurrence of failure modes is avoided. 
The final design is achieved in five distinct stages including 
two separate computer programs called 1 OPTIMUM1 and 'CHECK'. In Stage 1 
the range of Z-values, upper bounds of cy and cy , and the minimum number 
x y 
hi 
o f r i n g s a r e d e c i d e d u p o n . T h e n d a t a a r e g e n e r a t e d i n S t a g e 2 f r o m 
p r o g r a m 'OPT IMUM' a t a f i x e d Z - v a l u e . T h i s p r o g r a m f i r s t f i n d s t h e 
m i n i m u m o f Xxx a n d | ^ t o w i t h s t a n d t h e c o m p r e s s i v e l o a d a l o n e t o 
f a c i l i t a t e a v o i d i n g a n o - s o l u t i o n z o n e . N e x t f o r p o i n t i n t h e en - a, 
t h e c o m b i n e d l o a d s . A l s o t h e u p p e r a n d l o w e r b o u n d s on t h e s p a c i n g s o f 
t h e s t i f f e n e r s f o r t h e s a t i s f a c t i o n o f some o f t h e c o n s t r a i n t s a n d a l l 
t h e s t r e s s e s i n t h e s k i n a n d s t i f f e n e r s a r e f o u n d f r o m t h i s p r o g r a m . 
T h i s m a r k s t h e end o f S t a g e 2 . T h e number o f s t r i n g e r s a n d r i n g s a r e 
f i x e d w i t h i n t h e b o u n d s o f £ x a n d £ f o u n d f r o m p r o g r a m 'OPT IMUM' i n 
S t a g e 3 . T h e d a t a , f o u n d a b o v e , a r e t h e n u s e d i n S t a g e k a n d f e d i n 
p r o g r a m 'CHECK' t o o b t a i n a m in imum w e i g h t d e s i g n b y e n s u r i n g t h a t n o n e 
o f t h e c o n s t r a i n t s i s v i o l a t e d . G o l d e n s e c t i o n m e t h o d i s u s e d f o r 
s e e k i n g N b y m i n i m i z i n g K w . r . t . 3 i n p r o g r a m 'CHECK' a s i t i s 
x y p s 
f o u n d t o b e m o r e e c o n o m i c a l t h a n u s i n g d i s c r e t e v a l u e s o f 3 b e c a u s e o f 
l a r g e number o f a s s o c i a t e d c i r c u m f e r e n t i a l w a v e s . I n t h e f i n a l S t a g e 5 
a l l t h e d i m e n s i o n s and w e i g h t o f t h e s h e l l a r e f i n a l i z e d . 
A r r a n g i n g t h e s o l u t i o n p r o c e d u r e a s o u t l i n e d a b o v e p r o v i d e s 
g r e a t s a v i n g s o f c o m p u t e r t i m e . T h e s t e p s t o b e f o l l o w e d i n o b t a i n i n g 
a f i n a l m i n i m u m w e i g h t d e s i g n a r e l i s t e d b e l o w . 
D e s i g n S t e p s f o r C o m b i n e d L o a d C a s e s : 
F o r n o m e n c l a t u r e s o f t h e s t i f f e n e r s , one s h o u l d see t h e G l o s s a r y 
o f A b b r e v i a t i o n s g i v e n i n t h e b e g i n n i n g . D i m e n s i o n a l n o t a t i o n s a r e 
shown i n F i g u r e B l . I t s h o u l d b e n o t e d t h a t f o r a n y g i v e n p r o b l e m t h e 
k n o w n q u a n t i t i e s a r e ( l ) a p p l i e d l o a d s , N , q a n d N j ( 2 ) t h e r a d i u s 
x x x y 
a n d l e n g t h o f t h e s h e l l ; ( 3 ) t h e s k i n a n d s t i f f e n e r m a t e r i a l s a n d t h e i r 
x y 
s p a c e i t o p t i m i z e s W , E q u a t i o n ( 3 ^ ) 
48 
properties; and (4) the position of the stiffeners (inside in the present 
work). As some of the steps are common for all types of stiffeners, it 
is considered wise to list them together. For convenience the steps 
have been categorized under the five distinct stages explained earlier. 
If a step is same for all types of stiffeners, no mention is made of 
the type of stiffening. 
Stage 1. Preliminary Decisions 
The following steps are easily implemented without the help of 
computer (a calculator may be sufficient) and are required before 
starting the optimization procedure. 
1. Determine the range of Z-values from a prior knowledge of 
the design results of pure torsional load and compressive load. Find 
h for each value of Z from Equation (5) . Complete design for the lowest 
Z-value first, then for the next higher Z-value and so on by following 
the steps mentioned below. 
2. Find the range of #x from practical considerations and of a 
from a consideration of thin ring theory (as the stress in the rings is 
based on thin ring theory) which requires that R/6l must be greater 
than or equal to 20. Hence the following: 
R R ( 1 + 4cfvkv)l/2 RR : q> £ T̂ T ; AR, IAR,TR: ^ ^ — -f-J. y 20h 3 9 9 y 20h 1 + c k 
i y y 
1 + 6c k 
CR,ZR,IR: i y ^ (l + 2AO 
1 y y 
k9 
- „ R Ky + 8kly + l 6 k 2 y + 2k4y + ^ 
^ * °V 2 0 h k , + 2 + 2 k 0 
l y 2y 
3 . D e c i d e a b o u t t h e m i n i m u m number o f r i n g s t o b e u s e d f o r t h e 
s m e a r e d t e c h n i q u e t o h o l d t r u e . T h r e e i s t a k e n h e r e [ ^ l ] . T h i s s t e p 
• w i l l g i v e a n u p p e r b o u n d on £ . 
S t a g e 2 . O p t i m i z a t i o n ( P r o g r a m ' O P T I M U M ' ) 
T h e f o l l o w i n g s t e p s a r e b u i l t - i n i n p r o g r a m ' O P T I M U M ' . T h e y a r e 
g i v e n h e r e w i t h t h e i r e x p r e s s i o n s , w h e r e v e r p o s s i b l e , t o make t h e m 
e x p l i c i t f o r t h e b e n e f i t o f t h e d e s i g n e r who w a n t s t o u n d e r s t a n d t h e 
d e t a i l s o f t h e s o l u t i o n p r o c e d u r e . S u b s c r i p t i s t a n d s f o r x a n d y , 
i n d i c a t i n g s t r i n g e r a n d r i n g p a r a m e t e r s i n t u r n ( n o s u m m a t i o n on i ) . 
1 . W i t h i n t h e b o u n d s d e c i d e d u p o n i n s t e p 2 o f S t a g e 1 a n d a t 
c e r t a i n i n t e r v a l s i n cv x - <x s p a c e , g e n e r a t e d a t a b y f i r s t s o l v i n g f o r 
s i m p l e c o m p r e s s i v e l o a d a n d t h e n f o r t h e c o m b i n e d l o a d , v i z . , f i n d X , 
X X 
X , W, K , 3, n a n d a n y o t h e r v a l u e t o c h e c k f o r c o n v e r g e n c e b y u s i n g 
y y s 
t h e o p t i m i z a t i o n p r o c e d u r e s d i s c u s s e d e a r l i e r i n t h i s c h a p t e r . T o 
s t a r t w i t h , i t i s p r o f i t a b l e t o t a k e a b i g g e r i n t e r v a l a n d f i r s t s e l e c t 
p o i n t s a t one f i x e d <y^ ( s a y t e n ) a n d a t v a r y i n g a y . B y s e e i n g s t r e s s 
l e v e l s i n t h e s k i n a n d s t i f f e n e r s , m e n t i o n e d i n t h e f o l l o w i n g s t e p , one 
c a n a v o i d g e n e r a t i n g d a t a i n t h e c o m p l e t e r e g i o n w h e r e y i e l d i n g o f 
m a t e r i a l s t a k e s p l a c e . 
2 . C a l c u l a t e s t r e s s e s i n t h e s k i n a n d s t i f f e n e r s b y e m p l o y i n g 
E q u a t i o n {.XT) a n d f i n d s t r e s s o* i n t h e s k i n b y E q u a t i o n ( 2 0 ) f o r 
s 
c h e c k i n g t h e y i e l d i n g o f t h e s k i n m a t e r i a l . 
3 . Compute t h e s t r i n g e r a n d r i n g d e p t h s , d ^ f r o m t h e d e f i n i t i o n s 
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Of Q>±. 
RS;RR: d. = h cy. 
i 1 _ (1 + c k) AS;AR,IAS;IAR,TS;TR: d . = h cy. -——r-xr 
1 + 2c k., C,Z,IS;C,Z,IR: d . = h cy. (r / , 1 ) vi i VI + oĉ .k./ f i l 
f i t ' 
1/2 
. kn + 2 + 2k2i 
HS;HR: d = h 5 0 770 1 1 (6kf. + 8kn. + l6k0. + 2te. + >0 7 N li li 2i 2i 7 
.̂ Find an upper bound on stringer spacing, & from the fact 
that la I > I a I "by neglecting the smal values of cr and xxsk ŝk xysk cr 
<j and adopting a stringer stress-spacing factor, k0 to account for 
them. For torsion combined with axial compression a good estimate for k is found to be about 0.95* With lateral pressure included this /cx 
factor can be taken more than one. From Bulson [30] 
" 3(l-v2) VV CTxXsk °/n 2 n VlL.'* cr 
so for a > a and kn included, we have ' xx I 1 xx I £x ? sk sk cr 
l < h v ( £ 3(l-v2)|axx r sk 
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N o t e t h a t f o r a HS t h i s e x p r e s s i o n g i v e s t h e e f f e c t i v e s t r i n g e r 
s p a c i n g , t a n d I = £ + b "where b = k . d ( s e e F i g u r e s 1 a n d B l ) . 
e x x e x x x i x x 
5. I f a s p e c i f i e d m i n i m u m g a u g e , MG ( = G , a s f o r e x a m p l e G c o u l d 
b e .05) i s d e s i r e d on a l l d i m e n s i o n s t h e n f r o m a c o n s i d e r a t i o n o f t h e 
s t r i n g e r a n d r i n g t h i c k n e s s e s t . t o be g r e a t e r t h a n o r e q u a l t o G, t h e 
wi 
l o w e r l i m i t s on t a n d I a r e f o u n d a s f o l l o w s : 
x y 
G a . ( l - v 2 ) 
R S ; R R : I. £ 
1 hi 
G a . ( l - v 2 ) ( 1 + c k ) 1 / 2 
A S ; A R , I A S j I A R , T S ; T R : I. £ = — _ 
1 X . . ( l + ' 1 1 v f i r 
G i . ( l - v 2 ) (1 + 2e f .k.) 3 / 2 
C , Z , I S j C , Z , I R : £ . ^ — • 1 " 1 7 2 
G a . ( l - v ; 2 ) ( k x . + 2 + 2k2.)2 
H S ; H R : C*j ^ *** 5 5 -1 / q 1 X . . (6kf.+8kn .+l6k0.+2te.+4)1/̂  1 1 v l i l i 2i 2i ' 
T h i s s t e p i s n o t r e q u i r e d f o r a d e s i g n w i t h o u t m i n i m u m g a u g e 
(WMG) . 
6. S u b s t i t u t i n g t h e v a l u e s o f d f r o m s t e p 3 a * i d £ f r o m s t e p k 
f i n d t h e t h i c k n e s s o f t h e s t r i n g e r , t a n d t _ f r o m t h e d e f i n i t i o n s o f 
7 v x f x 
X . A l s o f i n d t h e s t r i n g e r f l a n g e w i d t h , b „ . 
x x 0 f x 
EhA I 
R S : t = 
E d ( l - v ) 
x x v ' 
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EA. hi 
AS,IAS,TS: t = X X - - K E d ( l - v ) ( l + c_, k ) 
X ¥ X ' s f x X ' 
t „ = c_ t j b„ = k d f x fx wx fx x wx 
C , Z , I S : t. E A. hi 
xx x • " E d ( l - v 2 ) ( i + 2c- i) x wx N / v f x x ' 
t _ = c t ; b„ = k d f x fx wx' f x x wx 
E X hi 
HS: t ( = t - ) = 
*» = *2x =CfxV; V s bfxl> = klA; bfx2 = k2xdx 
7. Find t h e upper bound on t h e r i n g s p a c i n g , JL from the 
c o n d i t i o n t h a t la I or la I > la I ( s e e e x p r e s s i o n s f o r 
I xx . 1 I xx , „ I I xx , I stw s t f s t c r c r 
axx i n Table l ) . A r i n g s t r e s s - s p a c i n g f a c t o r , k i s adopted t o 
s t 
c r 
h e l p g e t an upper l i m i t on I so a s t o o b t a i n an a c c e p t a b l e s t r i n g e r 
f l a n g e ( o r web) b u c k l i n g c o e f f i c i e n t , STFB ( o r STWB) f i n a l l y . The 
v a l u e s o f I from s t e p k and o f t , t „ and b^ from s t e p 6 are sub-x wx 7 f x f x * 
s t i t u t e d i n t h e e q u a t i o n s be low. Hence t h e f o l l o w i n g : 
E , 1 / 2 
R S : ty < VW^U 2 k o 3 X j , 2 j 
s t 
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A S : i < k 
d 
wx 
y < Ku" 2 d t 2 
IT E wx s t 
X 
I A S , T S : l y < k t y - - § 
re-1 (a ivj - •*»] tt"E V f t c ' s t 
X 
w h e r e f o r I A S : d „ = b* - t a n d f o r T S : d^, = (b^ , - t )/2 
f x f x wx f x v f x ¥ X " 
b f x / 2 
r i 2 ( i - v ) / f x \ , , k n r r - i 
t t 'E % f x ' s t 
X 
T h e e x p r e s s i o n s f o r cr a n d a f o r HS do n o t c o n t a i n 
stw s t f 
c r c r 
I a n d h e n c e n o "bound on t f r o m t h i s r e q u i r e m e n t i s o b t a i n e d w i t h H S . 
y y 
N o t e t h a t i n t h e a b o v e e q u a t i o n s i f t h e e x p r e s s i o n i n t h e 
d e n o m i n a t o r whose s q u a r e r o o t i s d e s i r e d becomes n e g a t i v e , w h i c h 
u s u a l l y h a p p e n s i n t h e p r e s e n t w o r k , t h e n a n y v a l u e o f £ w i l l s a t i s f y 
t h e r e q u i r e m e n t \<j | o r \q I > |a N "what i s d e s i r e d . 
XX , XX , _p 1 XX , 
s t w s t f s t 
c r c r 
T h i s m a r k s t h e end o f S t a g e 2 a n d o f a l l o p e r a t i o n s r e q u i r e d i n 
p r o g r a m ' O P T I M U M ' . 
S t a g e 3- F e a s i b i l i t y D e c i s i o n s 
1. W i t h t h e d a t a g e n e r a t e d f r o m s t a g e 2, l o c a t e t h e f e a s i b l e 
d e s i g n s p a c e b y d i s c a r d i n g a l l t h e u n f e a s i b l e p o i n t s , w h i c h we c a l l 
u n f e a s i b l e d e s i g n s p a c e d i s t i n g u i s h e d b y t h e f o l l o w i n g c h a r a c t e r i s t i c s : 
( i ) t h e p o i n t s w h e r e y i e l d i n g o f s k i n a n d / o r s t i f f e n e r m a t e r i a l s 
t a k e s p l a c e a r e i n u n f e a s i b l e d e s i g n s p a c e ; 
( i i ) t h e p o i n t s w h e r e t h e c o n d i t i o n s i n s t e p s h a n d 5 o f S t a g e 2 
f o r £ x a s w e l l a s t h e c o n d i t i o n s i n s t e p 3 o f S t a g e 1 a n d s t e p s 5 a n d 7 
o f S t a g e 2 f o r JL a r e s i m u l t a n e o u s l y n o t s a t i s f i e d f a l l i n u n f e a s i b l e 
d e s i g n s p a c e . 
2 . T a k i n g c a r e o f t h e l i m i t a t i o n s i n s t e p 3 o f S t a g e 1 a n d s t e p s 
k, 5 a n d 7 o f S t a g e 2 a d o p t s u i t a b l e ^ a n d A t o g i v e n u m e r i c a l v a l u e s 
o f t h e n u m b e r o f s t r i n g e r s a n d r i n g s b y f i r s t s t a r t i n g w i t h t h e p o i n t 
g i v i n g l o w e s t ¥ i n t h e f e a s i b l e r e g i o n a n d t h e n m o v i n g t o t h e o t h e r 
p o i n t h a v i n g s a m e v a l u e o f ¥ , i f p o s s i b l e , o r t o t h e n e x t h i g h e r v a l u e 
o f ¥ i f a n y o f t h e c o n s t r a i n t s m e n t i o n e d b e l o w a n d b u i l t - i n i n p r o g r a m 
'CHECK' a r e v i o l a t e d . N o t e t h a t t h e s t i f f e n e r s p a c i n g s £ a n d £ c a n 
x y 
a l w a y s b e a d j u s t e d w i t h i n t h e l i m i t s f o u n d f r o m p r o g r a m 'OPTIMUM' o f 
S t a g e 2 . 
S t a g e k: C h e c k i n g o f C o n s t r a i n t s ( P r o g r a m ' C H E C K ' ) 
1 . F o r t h e a d o p t e d v a l u e s o f £ a n d t h e g e n e r a t e d d a t e , v i z . , 
<y , I a n d a s s o c i a t e d v a l u e s o f e , p f i n d t h e p a n e l i n s t a b i l i t y 
X ĈX X XX 
l o a d , ft a n d n u m b e r o f c i r c u m f e r e n t i a l w a v e s , n f o r p a n e l b u c k l i n g xy P 
P 
a n d c h e c k f o r t h e p a n e l b u c k l i n g c o e f f i c i e n t , P B . 
2 . F o r t h e a d o p t e d v a l u e s o f | ^ a n d | ^ a n d t h e g e n e r a t e d d a t a , 
o\^. y CE,**, ? a n ( ^ o\„r j f i n d t h e s k i n b u c k l i n g s t r e s s (j^r a n d c h e c k ^ s k ™ s k ^ s k x y s k 
f o r t h e s k i n b u c k l i n g c o e f f i c i e n t , S B . 
3 . F o r t h e a d o p t e d v a l u e o f JL > cl > "b „ , t > f i n d t h e 
ŷ' w x ^x w x ^x 
c r i t i c a l s t r e s s e s i n t h e s t r i n g e r w e b a n d f l a n g e , q a n d a 
x x s t w ^ s t f 
c r c r 
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w i t h t h e h e l p o f e q u a t i o n s i n T a b l e 1 a n d c h e c k f o r t h e s t r i n g e r w e b 
a n d f l a n g e b u c k l i n g c o e f f i c i e n t s , STWB a n d STFB r e s p e c t i v e l y . 
h. C h e c k f o r t h e s i m u l t a n e o u s o c c u r r e n c e o f f a i l u r e m o d e s a n d 
a v o i d i t . 
5. I f a n y o f t h e f a i l u r e m o d e s , m e n t i o n e d i n s t e p s 1 t h r o u g h k 
a r e v i o l a t e d , f i r s t t r y t o a v o i d i t b y a d j u s t i n g a n d w i t h i n t h e 
l i m i t s f o u n d i n S t a g e s 1 a n d 2 a n d f e e d i n g t h e n e w d a t a i n p r o g r a m 
' C H E C K ' . I f t h i s i s n o t p o s s i b l e t r y t o s a t i s f y a l l t h e c o n s t r a i n t s 
b y m o v i n g t o a n o t h e r p o i n t w i t h s a m e v a l u e o f W. I f t h i s t o o i s n o t 
p o s s i b l e m o v e t o a p o i n t h a v i n g h i g h e r W a n d r e p e a t s t e p s 1 t h r o u g h k 
o n c e a g a i n . 
T h e l o w e s t v a l u e o f W w h e r e a l l t h e c o n s t r a i n t s a r e s a t i s f i e d 
i s t h e f e a s i b l e d e s i g n p o i n t . T h i s m a r k s t h e e n d o f s t a g e k a n d t h e 
o p e r a t i o n s i n p r o g r a m ' C H E C K ' . 
S t a g e 5: F i n a l i z a t i o n 
1. F i n a l i z e a l l t h e d i m e n s i o n o f t h e r i n g s , i . e . , f i n d d 
& * w y 
( o r d ) , t ( o r t ) , t „ , b „ f r o m t h e d e f i n i t i o n s o f cy a n d 5L . O n e 
y -wy Y f y f y y ^ y y 
n e e d s s i m p l y t o c h a n g e t h e s u b s c r i p t x t o y i n s t e p s 3 a n d 6 o f S t a g e 2 
t o g e t e x p r e s s i o n s f o r t h e r i n g p a r a m e t e r s i n p l a c e o f t h o s e o f t h e 
s t r i n g e r . 
2. F i n d t h e w e i g h t o f t h e c o m p o s i t e s h e l l f r o m 
I = 2-nRLh p s k f 
3. R e p e a t a l l t h e a b o v e s t e p s f o r d i f f e r e n t Z - v a l u e s ( a t l e a s t 
t h r e e a r e n e e d e d ) i f m i n i m u m w e i g h t d e s i g n w i t h a n y p r e - d e c i d e d 
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c o m b i n a t i o n o f s t i f f e n e r s h a p e s a n d s i z e s a r e d e s i r e d , o r f o r s a m e 
Z - v a l u e b u t w i t h d i f f e r e n t s h a p e s a n d s i z e s o f s t i f f e n e r s w h e n a 
c o m p a r a t i v e s t u d y o f t h e e f f e c t s o f s t i f f e n e r s ' g e o m e t r i e s o n t h e 
c y l i n d e r w e i g h t f o r f i x e d Z i s s o u g h t f o r . 
h. P l o t W v e r s u s h a n d l o c a t e t h e v a l u e o f h ( a n d h e n c e Z ) 
g i v i n g W . f o r t h e t y p e o f s t i f f e n e r s t h a t m i n i m u m w e i g h t d e s i g n i s 
m m 
r e q u i r e d . R e p e a t a l l t h e a b o v e s t e p s f o r t h e Z - v a l u e g i v i n g W ^ i f 
e x a c t m i n i m u m w e i g h t c o n f i g u r a t i o n s a r e r e q u i r e d . 
5. I f t h e e f f e c t o f v a r y i n g MG- o n t h e w e i g h t o f t h e c y l i n d e r 
i s d e s i r e d t h e n r e p e a t a l l t h e a b o v e s t e p s o n c e a g a i n w i t h t h e n e w MG. 
F o r a n y c o m b i n a t i o n o f s t r i n g e r - r i n g g e o m e t r i e s , o n e h a s t o 
s i m p l y p i c k u p t h e c o n s t r a i n t c o r r e s p o n d i n g t o t h e g e o m e t r y s e l e c t e d 
f r o m e a c h o f t h e s t e p s l i s t e d a b o v e . 
A n e x a m p l e s o l u t i o n i s g i v e n i n A p p e n d i x F a n d t h e c o m p u t e r 
p r o g r a m d e v e l o p e d i s g i v e n i n A p p e n d i x G. 
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CHAPTER I V 
EXAMPLES, NUMERICAL RESULTS AND D I S C U S S I O N 
T w o d e s i g n e x a m p l e s f o r t h e p u r e t o r s i o n a l l o a d i n g c a s e a n d o n e 
e a c h f o r t h e c o m b i n e d l o a d i n g c a s e s ( w i t h a n d w i t h o u t l a t e r a l p r e s s u r e ) 
a r e p r e s e n t e d . F o r a l l t h e f o u r e x a m p l e s , t h e m a t e r i a l p r o p e r t i e s 
a r e : v = 0.33, P , = P = P = 0.101 l b / i n , E = E = E = 10.5 X 10 ' K s k K x K y ' ' x y 
p s i , CT = 26,000 p s i , G = ^5,000 p s i . 
X y s k ° 
y 
E x a m p l e 1: 
T h i s e x a m p l e r e p r e s e n t s a p u r e t o r s i o n a l l o a d i n g c a s e w i t h a 
t y p i c a l C - l 4 l f u s e l a g e . L o a d 1 i s c a l c u l a t e d f r o m d a t a p r o v i d e d b y 
x y 
t h e L o c k h e e d - G e o r g i a C o m p a n y , a n d r e p r e s e n t a t i v e o f a c r i t i c a l f l i g h t 
m a n e u v e r t h a t i n d u c e s t o r s i o n i n t h e f u s e l a g e . 
R ^ 85.0 i n . , L = 100.0 i n . 
N = J+18.538 l b / i n . , N * = 3-153 x 1 0 - T 
x y 1 xy 
E x a m p l e 2: 
T h i s e x a m p l e a l s o r e p r e s e n t s a c a s e o f p u r e t o r s i o n a n d t h e 
g e o m e t r y c o r r e s p o n d s t o t h e o n e u s e d i n R e f e r e n c e [16]. T h e v a l u e f o r 
N i s a r b i t r a r y . 
x y 
R = 95.5 i n . , L = 291.0 i n . 
N =125 .0 l b / i n . , N * = I.8623 X 1 0 _ 9 x y x y 
58 
E x a m p l e 3: 
T h i s e x a m p l e r e p r e s e n t s a l o a d i n g c a s e o f t o r s i o n c o m b i n e d w i t h 
a x i a l c o m p r e s s i o n ( w i t h o u t l a t e r a l p r e s s u r e ) w i t h C-lk-1 f u s e l a g e . T h e 
a x i a l c o m p r e s s i o n , N , v a l u e c o r r e s p o n d s t o t h e m a x i m u m b e n d i n g s t r e s s 
r e s u l t a n t f o r t h e s a m e f l i g h t m a n e u v e r m e n t i o n e d i n E x a m p l e 1. 
R = 85.0 i n . , L = 100.0 i n . 
1 = 2700.0 l b / i n . , I = 418.538 l b / i n . 
E x a m p l e 4: 
T h i s e x a m p l e r e p r e s e n t s t h e l o a d i n g c a s e o f t o r s i o n c o m b i n e d 
w i t h a x i a l c o m p r e s s i o n a n d i n t e r n a l l a t e r a l p r e s s u r e w i t h C - l 4 l f u s e l a g e . 
R = 85.O i n . , L = 100.0 i n . 
H = 2700.0 l b / i n . , N = 4l8.538 l b / i n . 
x y 
q = 0.46277 § (= 14.7 p s i ) 
I n t e r n a l s t i f f e n i n g h a s b e e n u s e d i n a l l e x a m p l e s . T h e d e s i g n 
r e s u l t s a n d t h e d i s c u s s i o n o f r e s u l t s a r e t a k e n u p s e p a r a t e l y f o r e a c h 
o n e o f t h e t h r e e l o a d i n g c a s e s . 
P u r e T o r s i o n a l L o a d 
T h e r e s u l t s o f f i n a l m i n i m u m w e i g h t d e s i g n f o r E x a m p l e 1 a r e 
g i v e n i n T a b l e s 2 a n d 3 a n d f o r E x a m p l e 2 i n T a b l e s 4 a n d 5» F i g u r e s 4 
t o 8 s h o w t h e v a r i a t i o n s o f s h e l l w e i g h t , W, w . r . t . t h e s k i n t h i c k n e s s , 
h , f o r a WMG ( w i t h o u t m i n i m u m g a u g e ) d e s i g n a n d f o r a v a r y i n g MG 
( m i n i m u m g a u g e ) d e s i g n w i t h d i f f e r e n t t y p e s o f s t i f f e n e r s f o r E x a m p l e 1. 
A l l p o s s i b l e c o m b i n a t i o n s o f t o r s i o n a l l y w e a k o p e n - s e c t i o n t y p e s o f 
s t i f f e n e r s , f o r w h i c h w e i g h t s a v i n g s c o u l d b e a n t i c i p a t e d , h a v e b e e n 
T a b l e 2 . F i n a l M i n i m u m W e i g h t D e s i g n R e s u l t s 
f o r E x a m p l e 1 w i t h V a r i o u s S t i f f e n e r s . 
(t ,1 ^ 2 5 i n c h e s , M i n i m u m 3 R i n g s ) 
T y p e o f S t i f f e n i n g 
R S - R R R S - R R T S - R R T S - T R I S - R R H S - R R HS-HR 
WMG MG = .05 MG = .05 MG = .05 MG = .05 MG = .05 MG = . 05 
w 94.70136 4 7 5 . 1 5 2 9 9 6 4 0 2 . 7 4 4 1 6 5 417.987270 4 1 6 . 0 9 7 5 3 9 4 o 6 . 3 3 5 7 4 4 404.236345 
h . O I 5 8 6 5 . 0 5 0 4 8 0 . 0 5 0 4 8 0 . 0 5 0 4 8 0 . 0 5 0 4 8 0 . 0 5 0 4 8 0 . 0 5 0 4 8 0 
t 
X 
.00003 . 0 5 0 1 9 1 . 0 5 0 3 1 4 . 0 5 0 3 8 4 . 0 5 1 2 1 3 . 0 6 4 2 0 4 . 0 5 2 1 3 2 
t 
y 
. 0 0 2 0 0 .050117 . 0 5 5 7 0 9 .050616 .050999 . 0 5 0 4 8 9 . 0 5 0 8 1 8 
d 
X 




8 .56440 4.745120 . 5 0 4 8 0 0 .480877 . 6 3 1 0 0 0 .075720 . 0 6 2 7 7 2 
. 5 9 3 4 1 0 3.787744 2 4 . 2 7 6 0 0 0 19.074000 2 1 . 3 6 2 8 8 0 2 4 . 2 7 6 0 0 0 2 4 . 2 7 6 0 0 0 
lY 
2 5 . 0 0 0 0 0 2 5 . 0 0 0 0 0 3 -571428 4 .000000 3 .703703 1 . 2 5 0 0 0 0 2 . 1 7 3 9 1 3 
GB 1 . 0 1 . 0 1 . 0 1 . 0 1 . 0 1 . 0 1 . 0 
P B . 2 3 5 6 1 0 . 1 4 2 3 3 1 .000751 .000787 . 0 0 1 5 3 8 .OOOO85 . 0 0 0 2 5 7 
S B . 7 1 4 6 9 0 .886766 . 7 8 9 1 3 6 . 9 7 3 8 6 0 . 8 4 3 4 4 3 . 0 9 8 0 4 1 . 2 9 5 3 5 
n 4 2 1 1 14 9 7 7 
n 
P 
2 1 5 76 869 8 2 4 6 7 3 980 570 
T a b l e 3- F i n a l M i n i m u m W e i g h t D e s i g n R e s u l t s 
f o r E x a m p l e 1 w i t h G a u g e V a r i a t i o n a n d 
U n b o u n d e d I ,1 w i t h T S - R R , H S - R R a n d H S - H R . 
MG * 
.04 w i t h 1 ,1 
x y 
<; 25 i n . MG = .05 w i t h I ,1 u n b o u n d e d 
T S - R R HS-RR HS-HR T S - R R HS-RR HS-HR 
w 339.423055 334.956790 344.523878 315.990806 304.083322 327.922797 
h .041132 .041132 .041132 .050480 .05048 .05048 
t 
X 





.040499 .040208 .040696 .051362 .050448 .051484 
6.500832 2.557464 2.531826 13.114800 4.7o8o42 4.08018 
d 
y 
.308490 .123396 .076722 .126200 .07572 .062772 
*x 24.2T6000 24.276000 24.276000 178.02400 267.036 133.518 
ly 2.222222 l.02o4o8 I.851851 3.030303 3.333333 3.030303 
GB 1.0 1.0 1.0 1.0 1.0 1.0 
P B .000247 .000057 .OOOI89 .000290 .000591 . O O O 7 1 6 
S B .570336 .120849 .396824 .577205 .698488 .577108 
n 16 7 7 24 7 7 
n 
P 
1811 1236 679 1267 395 432 
8 0 0 
ol i I I I I I I I I 1 
• 01 0 3 0 5 0 7 0 9 .11 1 2 
SKIN THICKNESS,H (IN) 
F i g u r e k: Minimum W e i g h t D e s i g n f o r E x a m p l e 1 
w i t h RS-RR. 
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800 
FIGURE 5 : MINIMUM WEIGHT DESIGN FOR EXAMPLE 1 
WITH VARIOUS TYPES OF STIFFENERS. 








•x i 'y Unrestricted 
JL 1 1 04 .06 .08 .10 
Shell Thickness, h (in) 
F i g u r e 6 : E f f e c t o f G a u g e V a r i a t i o n a n d R e l a x i n g M a x i m u m j&x,£ L i m i t s o n t h e M i n i m u m W e i g h t D e s i g n o f 






MG ~ 0 5( Iv 1 < 25 ^ 
— 
041 X V — 
—
| MG = .05 
- |y Unrestricted 
1 i 1 . 1 > 
04 .06 08 .10 .1 
Shell Thickness , h (in) 
F i g u r e 7 : E f f e c t o f G a u g e V a r i a t i o n a n d R e l a x i n g Max imum 
i ,1 L i m i t s o n t h e M i n i m u m W e i g h t D e s i g n o f 
x y 
E x a m p l e 1 w i t h H S - R R . 
800 
04 06 08 .10 Shell Thickness, h ( in ) 
F i g u r e 8: E f f e c t of Gauge V a r i a t i o n and 
R e l a x i n g Maximum l^, I L i m i t s 
on the Minimum Weight Des ign 
o f Example 1 w i t h HS-HR. 
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T a b l e 4. F i n a l M i n i m u m W e i g h t D e s i g n R e s u l t s 
f o r E x a m p l e 2 w i t h V a r i o u s S t i f f e n e r s . 
( l >l < a b o u t 25 i n c h e s ) 
T y p e o f S t i f f e n i n g 
R S - R R R S - R R T S - R R H S - R R HS-HR 
WMG MG = .02 MG = .02 MG = .02 MG = .02 
w 93.312526 726.282488 717.688387 677.907820 788.824640 
h .00̂ 923 .020415 .020415 .020415 .02o4i5 
t 
x 





.000025 .020841 .020013 .020078 .027076 





39.384000 9.390900 .510375 .408300 .095197 
.218198 1.869300 23.078676 25.0019 15.790673 
I 
y 
22.384615 14.550000 1.75̂ 519 I.785276 1.653409 
GB 1.0 1.0 1.0 1.0 1.0 
P B .001357 .918003 .000039 .000021 .000018 
S B .963748 .979852 .870123 .90137 .769746 
n 2 2 6 3 3 
n 
P 
14 88 5535 761 778 
6 6 
T a b l e 5 . F i n a l M i n i m u m W e i g h t D e s i g n R e s u l t s 
f o r E x a m p l e 2 w i t h G a u g e V a r i a t i o n 
a n d U n b o u n d e d I ,l w i t h T S - R R a n d 
H S - R R . X y 
MG = . 0 3 w i t h MG = . 0 2 w i t h 
1 ,1 <. a b o u t 2 5 i n . L .Jt U n b o u n d e d 
x y x y 
T S - R R H S - R R T S - R R HS-RR 
w 9 M . 8 5 9 3 5 4 9 3 0 . 4 3 6 2 0 1 6 4 3 . 2 1 8 1 8 6 5 8 5 . 9 4 3 3 8 5 
h . 0 3 0 0 0 1 . 0 3 0 0 0 1 . 0 2 0 4 1 5 . 0 2 0 4 1 5 
t 
X 
. 0 3 0 5 8 4 . 0 3 0 0 6 1 . 0 2 1 0 1 9 . 0 2 0 4 7 4 
t 
y 




9 . 3 5 3 1 6 0 3 . 8 2 3 8 6 5 1 3 . 7 8 9 6 2 0 5 . 0 7 7 2 0 0 
 
v 




2 4 . 0 0 1 8 2 4 2 4 . 0 0 1 8 2 4 3 7 . 5 0 2 8 5 0 3 7 . 5 0 2 8 5 
ly 3 . 1 6 3 0 4 3 3 . 3 0 6 8 1 8 1 . 8 3 5 0 0 1 
1 . 7 1 1 7 6 4 
GB 1 . 0 1 . 0 1 . 0 1 . 0 
P B . 0 0 0 0 1 8 . 0 0 0 0 7 4 . 0 0 0 0 3 5 . 0 0 0 0 1 9 
S B . 8 8 3 4 3 7 . 9 6 4 4 2 3 . 9 5 4 2 0 3 . 8 3 0 5 1 9 
n 6 3 8 3 
n 
P 
5 2 5 4 i 6 5 6 2 2 8 2 0 
O p t i m i z i n g s h a p e f a c t o r s f o r t h e n o n r e c t a n g u l a r s t i f f e n e r s i n 
T a b l e s 2, 3 , 4 , a n d 5 a r e a s f o l l o w s : 
T S , I S a n d TR: = 1 . 0 = C^, a n d k = 0 . 5 = k . 
f x f y x y y 
( C = C = 1 . 1 5 5 ) 
x y ' 
HS a n d HR: U n i f o r m t h i c k n e s s a n d k , = 1 . 7 5 = K 
l x l y ' 
k 0 = 0 = k 0 . 









R S - R R — | # 
_ T S ~ R R — 
H S - R R 
I 1 1 1 1 1 I 
.01 •03 05 0 7 
Skin T h i c kne s s , h ( in) 
.09 
F i g u r e 1 0 : Minimum W e i g h t D e s i g n o f Example 2 w i t h V a r i o u s Typ 
S t i f f e n e r s . (MG = . 0 2 ; I J <; a b o u t 2 5 ) 




^ 1 , 2 0 0 
800 
400 
M G = 0 3 
< 25 
x ' y " ' M G - 0 2 
M G = 0 2 
l x , l y U n r e s t r i c t e d 
.01 03 05 0 7 .09 
Skin T h i c k n e s s , h ( in) 
F i g u r e 1 1 : E f f e c t o f Gauge V a r i a t i o n and R e l a x i n g Maximum Z ,1 
L i m i t s on t h e Minimum W e i g h t D e s i g n o f Example 2 X ^ 
w i t h HS-RR. 
2 , 0 0 0 
•01 .03 05 .07 09 
Skin T h i c k n e s s , h ( in ) 
Figure 12: Effect of Gauge Variation and 
Relaxing Maximum Jfcx, iy Limits 
on the Minimum Weight Design 
of Example 2 with TS-RR. 
TO 
c o n s i d e r e d a n d t h e r e s u l t s a r e s h o w n b o t h g r a p h i c a l l y a n d i n t a b u l a t i o n 
f o r m . WMG d e s i g n s a r e o b t a i n e d o n l y f o r R S - R R . T h e e x p e r i e n c e g a i n e d 
f r o m t h e d e s i g n s o f E x a m p l e 1 i s e m p l o y e d i n c o n s i d e r i n g f e w e r s t i f f e n e r 
g e o m e t r i e s f o r E x a m p l e 2 . F o r t h i s e x a m p l e t h e r e s u l t s a r e s h o w n i n 
F i g u r e s 9 t o 1 2 . I n o r d e r f o r s m e a r t e c h n i q u e t o h o l d t r u e t h e 
s p a c i n g s o f t h e s t i f f e n e r s m u s t b e w i t h i n c e r t a i n b o u n d s . T o s t a r t 
w i t h , a m i n i m u m o f t h r e e r i n g s i s a d o p t e d f o r E x a m p l e 1 , w h i c h g i v e s 
£ ^ 2 5 . I n t h e c a s e o f t h e i n i t i a l m i n i m u m n u m b e r o f s t r i n g e r s , 
£ ^ 2 5 i s a d o p t e d . I t i s n e c e s s a r y t o e x a m i n e t h e e f f e c t o f r e l a x i n g 
t h e m a x i m u m l i m i t s o n £ x a n d Jf^ t o s e e h o w m u c h g a i n i n w e i g h t i s 
o b t a i n e d t h i s w a y . A s t u d y o f t h e e f f e c t o f g a u g e r e l a x a t i o n o n t h e 
w e i g h t o f t h e s h e l l i s a t t h e s a m e t i m e p e r t i n e n t . T h e s e t w o e f f e c t s 
h a v e b e e n s h o w n f o r E x a m p l e 1 i n F i g u r e s 6 t o 8 . S i m i l a r l y , a n u p p e r 
b o u n d o f a b o u t 2 5 w a s f i r s t p u t o n ^ a n d f o r E x a m p l e 2 a n d t h e 
e f f e c t s o f g a u g e v a r i a t i o n a n d r e l a x i n g b o u n d s o n tx a n d l, a r e s h o w n 
i n F i g u r e s 1 1 a n d 1 2 f o r H S - R R a n d T S - R R . T h e d e s i g n r e s u l t s a t o t h e r 
p o i n t s o n t h e p l o t s , b u t f o r t h e m i n i m u m w e i g h t d e s i g n p o i n t s , a r e n o t 
g i v e n h e r e . i n o r d e r t o s a v e s p a c e . 
S o m e o f t h e i n t e r e s t i n g f e a t u r e s o f t h e d e s i g n r e s u l t s o b t a i n e d 
a r e a s f o l l o w s : 
1 . A d e s i g n w i t h a s k i n t h i c k n e s s e q u a l t o t h e MG u s e d i s 
a l w a y s m o r e e c o n o m i c a l t h a n a n y o t h e r t h i c k n e s s . O f a l l s t i f f e n i n g 
c o n s i d e r e d , R S - R R a r e t h e m o s t u n e c o n o m i c a l . F o r s h o r t e r c y l i n d e r s , 
f r o m t h e p o i n t o f v i e w o f w e i g h t s a v i n g s H S - R R , H S - H R , T S - R R , T S - T R 
a n d I S - R R s e e m t o b e e q u a l l y e f f i c i e n t , b u t t h i s c o m p e t i t i v e n e s s i s 
i m m e d i a t e l y e r o d e d a w a y i n f a v o r o f HS-RR a n d H S - H R , w h e n c o m p a c t n e s s 
71 
o f d e s i g n i s c o n s i d e r e d , t h e r e b y l e a v i n g m o r e s p a c e i n s i d e t h e f u s e l a g e . 
T h i s f a c t b e c o m e s o b v i o u s f r o m a d i m e n s i o n a l a n a l y s i s i n T a b l e 2. F o r 
a l o n g e r s h e l l , E x a m p l e 2, t h e H S - R R d e s i g n , p r o v e s t o b e t h e m o s t 
e c o n o m i c a l f r o m t h e p o i n t o f v i e w o f w e i g h t a s w e l l a s c o m p a c t n e s s o f 
d e s i g n . 
2. A s t h e u p p e r b o u n d s o n a n d | ^ i s d e c r e a s e d , t h e e f f e c t 
o f g a u g e v a r i a t i o n o n t h e w e i g h t o f t h e c o m p o s i t e c y l i n d e r b e c o m e s m o r e 
p r o n o u n c e d . When t h i s b o u n d i s c o m p l e t e l y r e l a x e d , t h e n t h i s e f f e c t 
b e c o m e s h a r d l y n o t i c e a b l e f o r s m a l l e r g a u g e v a r i a t i o n s . A s t u d y o f 
t h e MG v a r i a t i o n a n d b o u n d s o n £ a n d $, g r e a t l y h e l p s t h e d e s i g n e r 
x y 
i n e s t i m a t i n g t h e p e r c e n t a g e o f w e i g h t s a v i n g s . 
3. I t i s o b s e r v e d t h a t t h e m i n i m u m w e i g h t d e s i g n , p r o d u c e d 
h e r e i n , i s n o t u n i q u e . T h e r e a r e m a n y c o m b i n a t i o n s o f s t r i n g e r a n d 
r i n g p a r a m e t e r s t o y i e l d a m i n i m u m w e i g h t d e s i g n w i t h n e a r l y s a m e 
w e i g h t . A l s o , t h e d e s i g n t h a t u s e s b o t h s t r i n g e r s a n d r i n g s i s a l w a y s 
m o r e e c o n o m i c a l t h a n t h e o n e s u s i n g e i t h e r s t r i n g e r s a l o n e o r r i n g s 
a l o n e . 
k. T h e d i s t r i b u t i o n o f m a t e r i a l s i n t h e s k i n , s t r i n g e r s a n d 
r i n g s d e p e n d s u p o n ( i ) t h e t y p e o f s t i f f e n e r s , ( i i ) w h e t h e r t h e 
c y l i n d e r i s s h o r t o r l o n g a n d ( i i i ) t h e s k i n t h i c k n e s s . On a n a v e r a g e 
i t i s f o u n d t h a t w h e n t h e f i n a l m i n i m u m w e i g h t d e s i g n i s a c h i e v e d , t h e 
p e r c e n t a g e o f m a t e r i a l s i n t h e s k i n , s t r i n g e r s a n d r i n g s v a r i e s f r o m 
65/0, 25$ a n d lO/o r e s p e c t i v e l y f o r E x a m p l e 1 t o k-Tjb, 35/0 a n d l8# r e s p e c ­
t i v e l y f o r E x a m p l e 2. 
T o r s i o n C o m b i n e d w i t h A x i a l C o m p r e s s i o n ( w i t h o u t l a t e r a l p r e s s u r e ) 
F o r t h i s c o m b i n e d l o a d c a s e , E x a m p l e 3, t h e m i n i m u m w e i g h t d e s i g n 
72 
i s f i r s t o b t a i n e d w i t h R S - R R b y u s i n g a MG = 0 . 0 5 . T h e e f f e c t o f 
r e d u c i n g t h e t h i c k n e s s t o a s l e s s a s .03701 i n . w i t h a MG o f .05 i n . 
f o r a l l o t h e r d i m e n s i o n s o n t h e w e i g h t o f t h e c y l i n d e r i s s t u d i e d . 
A d e s i g n w i t h o u t m i n i m u m g a u g e , WMG, i s a l s o o b t a i n e d w i t h R S - R R . 
T h e s e r e s u l t s a r e s h o w n i n T a b l e 6 a n d F i g u r e 13. T h e b e s t s h a p e a n d 
s i z e o f s t r i n g e r s a n d r i n g s a r e f o u n d f o r t h i s p r o b l e m a s e x p l a i n e d 
b e l o w . I n o r d e r t o g e t a r e a l i s t i c a n d f e a s i b l e d e s i g n , f r o m t h e 
m a n u f a c t u r i n g p o i n t o f v i e w , a l l f u r t h e r d e s i g n s a r e o b t a i n e d b y f i x i n g 
MG. 
B y a d o p t i n g RR, a l l o p e n - s e c t i o n t y p e s a n d a c l o s e d h a t t y p e 
s t r i n g e r s h a p e s a r e e x a m i n e d f o r w e i g h t r e d u c t i o n w i t h a MG = 0.05. 
T h e s e r e s u l t s a r e p r e s e n t e d i n T a b l e s 7 a n d 8 a n d p l o t t e d i n F i g u r e s Ik 
a n d 15. A s i s o b v i o u s , T S ( o r I A S ) w i t h C ^ = 1.079 g i v e s t h e m i n i m u m 
w e i g h t . N e x t , b y a d o p t i n g t h e m o s t e f f i c i e n t s i z e a n d s h a p e o f t h e 
s t r i n g e r ( T S : k = *3, C = 1.079) m a n y d e s i g n s u t i l i z i n g o p e n - s e c t i o n 
X X 
t y p e s a n d c l o s e d h a t t y p e r i n g s h a p e s a r e g e n e r a t e d k e e p i n g t h e m i n i ­
mum g a u g e (0.05) f i x e d . T h e s e r e s u l t s a r e p r e s e n t e d i n T a b l e s 9 a n d 10 
a n d i n F i g u r e s 16 a n d 17. C o m p a r i s o n o f t h e s e r e s u l t s l e a d s t o t h e 
f a c t t h a t T S - R R ( k = . 3 , C = 1.079, C = 1.0) i s t h e m o s t e c o n o m i c a l 
x x y 
c o m b i n a t i o n o f s t r i n g e r - r i n g s i z e a n d s h a p e f o r t h e s h e l l o f E x a m p l e 3« 
O n c e t h e m o s t e c o n o m i c a l s i z e a n d s h a p e o f s t i f f e n e r s a r e d e t e r ­
m i n e d , t h e e f f e c t o f t h e v a r i a t i o n i n MG o n t h e s h e l l w e i g h t i s e x a m i n e d 
b y r e d e s i g n i n g t h e s h e l l f o r MG = O.Oh a n d 0.03. O n l y t h e f i n a l m i n i ­
mum w e i g h t d e s i g n r e s u l t s a r e g i v e n i n T a b l e 11 i n o r d e r t o s a v e s p a c e . 
H o w e v e r , i n F i g u r e l8 t h e s e r e s u l t s a r e f u l l y d e m o n s t r a t e d . T h e 
b r o k e n l i n e s i n F i g u r e 18 s i m p l y r e p r e s e n t t h a t t h e d e s i g n h a s b e e n 
T a b l e 6. D e s i g n R e s u l t s f o r E x a m p l e 3 w i t h R S - R R . 
( R e s u l t s a t h = .07 n o t i n c l u d e d i n t h e t a b l e ) 
h < . 0 5 
WMG MG = . 0 5 t , t > 
x y 
. 0 5 
w 3 9 0 . 0 1 5 5 3 3 6 4 . 3 7 5 9 8 3 6 5 . 4 3 2 6 5 4 3 3 . 0 7 7 7 5 5 1 8 . 2 3 1 1 1 5 0 7 . 3 2 8 4 5 4 9 8 . 3 4 9 4 6 6 3 4 . 4 0 7 3 1 
h . 0 6 0 0 3 . 0 5 0 0 0 . 0 4 4 9 9 . 0 3 7 0 1 . 0 6 0 0 3 . 0 5 0 0 0 . 0 4 4 9 9 . 0 3 7 0 1 
t 
X 





. 0 0 0 1 2 . 0 0 0 3 1 . 0 0 0 1 1 . 0 0 1 6 2 . 0 5 1 3 1 . 0 5 3 1 7 . 0 5 1 5 2 . 0 5 1 0 4 
2 . 4 0 1 2 0 1 . 5 0 0 0 0 1 . 3 4 9 7 0 .74020 . 6 6 0 3 3 . 5 0 0 0 2 . 6 7 4 8 5 .74020 
d 
y 
1 . 8 0 0 9 0 2 . 5 0 0 0 0 4 . 2 7 4 0 5 4 . 0 7 1 1 0 2 . 2 8 1 1 4 3 . 5 0 0 0 0 2 . 9 2 4 3 5 2 . 2 2 0 6 0 
1 . 6 6 8 9 7 1 . 4 0 5 4 5 1 . 3 6 5 6 0 1 . 0 6 8 1 4 1 . 9 4 2 0 8 1 . 5 9 4 2 4 1 . 4 0 5 4 5 1 . 2 1 3 8 0 
I 
y 
. 0 2 4 9 9 . 1 5 3 6 0 . 3 0 3 0 3 . 5 3 4 7 5 1 0 . 0 0 0 0 0 1 4 . 2 8 5 7 1 1 0 . 0 0 0 0 0 3 . 3 3 3 3 3 
G B 1 . 0 0 0 0 0 1 . 0 0 0 0 0 1 . 0 0 0 0 0 1 . 0 0 0 0 0 1 . 0 0 0 0 0 1 . 0 0 0 0 0 1 . 0 0 0 0 0 1 . 0 0 0 0 0 
P B . 0 0 0 0 0 . 0 0 0 0 1 .oooo4 . 0 0 0 3 5 . 3 1 7 9 2 . 9 5 4 0 7 . 1 4 1 7 9 . 0 0 9 0 9 
S B . 0 0 0 7 7 . 0 4 1 2 8 . 17492 . 5 6 1 9 4 . 8 9 0 8 4 . 9 1 0 8 1 . 9 2 3 5 6 . 9 7 7 0 2 
STWB . 5 7 0 3 8 . 7 6 6 9 8 . 8 3 3 8 5 . 4 7 7 0 9 . 6 7 3 9 2 . 2 1 2 1 8 . 8 6 3 4 9 . 6 6 4 4 2 
S Y . 9 1 2 2 2 . 8 7 4 7 1 . 9 5 3 4 7 . 9 4 5 1 3 . 7 3 1 6 9 . 6 3 4 3 2 . 8 1 8 7 1 . 7 9 8 2 2 
S T Y C . 9 3 6 8 0 . 9 5 3 2 4 . 9 0 6 0 4 . 8 7 0 4 2 . 7 0 2 1 3 . 7 3 0 1 1 . 7 6 3 3 7 . 7 0 0 4 8 
R Y T . 2 7 2 2 4 . 2 8 8 2 6 . 2 8 9 1 5 . 2 2 1 1 5 . 1 9 7 4 0 . 2 0 0 6 2 . 1 9 4 0 2 . 1 2 7 0 8 
n 9 8 7 6 CO
 
7 7 7 
n 
n 
10643 1 7 3 2 8 7 8 4 9 8 66 49 2 7 8 0 
T a b l e 7. E f f e c t o f U s i n g D i f f e r e n t O p e n - S e c t i o n T y p e s o f S t r i n g e r s 
f o r E x a m p l e 3 w i t h RR (C = 1 . 0 ) a n d MG = .05. 
T y p e o f 
T S o r I A S CS, ZS o r I S A S R S 
k 
X 
.800 .500 .300 .500 .200 .100 .250 .100 .000 
c 
X 
1.269 1.155 1.079 .707 .798 .866 .707 . 8 4 5 1.000 
w 522.87432 497.16861 486.20235 553.52375 506.22535 497.06073 553.52375 507.3^463 507.32845 
h .05000 .05000 .05000 .05000 .05000 .05000 .05000 .05000 .05000 
w x f x 
.05011 .05041 .05012 .05292 .05052 .05012 .05825 .06466 .09891 
t 
w y 
.05027 .05294 .05163 .05441 .05054 .05300 .05441 .05529 .05317 
d 
w x 
.54898 .5^130 .65738 .53036 .59833 .64956 .66295 .69729 .50002 
* f x 
.43918 .27035 .19721 .26518 .11967 -. 06496 .1657^ .06973 
d 
w y 
2.25000 2.75000 2.37500 2.75000 3.00000 3.00000 2.75000 2.75000 3.50000 
1.58950 1.48353 1.60865 1.55252 1.40545 1.58478 1.33518 1.63324 1.59424 
h 7.14286 10.00000 9.09091 9.09091 11.11111 9.09091 9.09091 11. l l l l l 14.28571 
GB 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 1.00000 
P B .03820 .10178 .04801 .07280 .33768 .08602 .07280 .25349 .95407 
SB .15779 .82086 .95428 .81679 .69886 .97195 .6o434 .64366 .91081 
STWB .10175 .10167 .15372 .05119 .08231 .10987 .83345 .79676 .21218 
STFB .12540 .04132 .01889 .04905 .01172 .00377 
S Y .77290 .80256 .81200 •735^3 .78184 .82633 .73543 .78045 .63432 
( C o n t i n u e d ) 
T a b l e 7 . E f f e c t o f U s i n g D i f f e r e n t O p e n - S e c t i o n T y p e s o f S t r i n g e r s 
f o r E x a m p l e 3 v i t h RR ( C = 1 . 0 ) a n d MG = . 0 5 . ( C o n t i n u e d ) 
a l * T S o r I A S C S , ZS o r I S A S R S 
S t r i n g e r 
STYC . 7 2 7 7 5 . 7 6 0 7 3 . 7 7 0 8 8 . 6 8 5 3 5 . 7 3 7 1 1 . 7 8 8 3 1 . 6 8 5 3 5 . 7 3 5 5 5 . 7 3 0 1 1 
RYT . 1 8 7 2 8 . 1 9 9 3 1 . 2 0 5 0 8 . 1 7 4 8 6 . 1 9 5 6 4 . 1 9 8 3 1 . 1 7 4 8 6 . 1 9 5 1 3 . 2 0 0 6 2 
n 8 7 8 7 7 7 7 7 7 












M G = - 0 5 
\ 
\ 
04 .05 .06 
Skin Thickness, Min) 
FIGURE 1 3 : MINIMUM WEIGHT DESIGN of. 
EXAMPLE 3 WITH RS-RR. 






FIGURE lh: EFFECT OF STRINGER SHAPES (OPEN-SECTION 
TYPE) ON THE CYLINDER WEIGHT USING 
RR(C = 1 . 0 ) FOR EXAMPLE 3 . 
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Table 8. E f f ec t of Using HS for Example 3 
wi th RR ( C = 1.0) and MG = .05. 
y 
k x l .200 .500 .600 1.000 
k x 2 .000 .000 .000 .000 
c 
X 
• 993 • 973 .967 .943 
W 541.89401 528.17405 529.27715 544.61265 
h .05000 .05000 .05000 .05000 





.05o4o .05429 .06120 .05018 
.56901 .50697 .49088 .44197 
b f x l .11380 .25349 .29453 .44197 
b f x 2 




2.75000 3.00000 3.00000 2.87500 
1.84800 1.90740 1.87393 • 1.81657 
lY 
10.00000 11.11111 11.11111 10.00000 
GB 1.00000 1.00000 1.00000 1.00000 
P B . 14914 .27144 .24306 .12360 
S B .86027 .95607 .83551 .63724 
STWB .10253 .08453 .07851 .06185 
S T F B .00410 .02113 .02826 .06185 
SY .73430 ,75739 .75181 .73430 
STYC .68322 .70982 .70326 .68346 
RYT .18080 .18571 .18564 .17940 
n 7 7 7 7 
n 73 32 30 55 
T a b l e 9. E f f e c t o f U s i n g D i f f e r e n t O p e n - S e c t i o n T y p e o f R i n g s 
f o r E x a m p l e 3 w i t h M o s t E f f i c i e n t S t r i n g e r 
( T S : k = . 3 , c = 1 . 0 7 9 ) a n d MG = . 0 5 . 
T y p e o f 
R i n g 





. 6 0 0 
1 . 1 9 3 
. 3 0 0 
1 . 0 7 9 
. 2 0 0 
• 798 
. 1 0 0 
.866 
. 1 4 2 8 5 
. 7 9 8 
. 3 0 0 
1 . 0 7 9 
W 
h 
w x f x 
wy f y 
d 
•wx 







4 9 7 . 9 6 6 9 4 
. 0 5 0 0 0 
. 0 5 0 0 8 
. 0 5 0 3 6 
. 6 5 7 3 8 
. 1 9 7 2 1 
1 .735^5 
1 . 0 4 1 2 7 
1 . 5 8 9 5 0 
9 . 0 9 0 9 1 
488 .00129 
. 0 5 0 0 0 
. 0 5 0 1 4 
. 0 5 0 3 2 
. 6 1 3 5 6 
. 1 8 4 0 7 
2 . 1 4 7 3 4 
. 6 4 4 2 0 
1 . 5 9 9 0 1 
9 . 0 9 0 9 1 
5 0 2 . 6 9 2 1 9 
. 0 5 0 0 0 
. 0 5 0 0 4 
. 0 5 4 3 2 
. 6 5 7 3 8 
. 1 9 7 2 1 
1 . 9 9 ^ 0 0 
. 3 9 8 8 0 
1 . 6 1 3 5 1 
9 . 0 9 0 9 1 
4 9 6 . 1 6 8 0 0 
. 0 5 0 0 0 
. 0 5 0 0 0 
. 0 5 1 3 8 
. 5 6 9 7 3 
. 1 7 0 9 2 
2 . 6 4 1 3 0 
. 2 6 4 1 3 
1 . 3 5 5 5 1 
l l . l l l l l 
5 2 2 . 9 0 6 6 9 
. 0 5 0 0 0 
. 0 5 0 0 4 
. 0 5 3 6 2 
. 5 4 7 8 2 
. 1 6 4 3 5 
2 . 7 3 5 0 7 
. 3 9 0 7 0 
1 . 1 8 1 5 7 
1 0 . 0 0 0 0 0 
486 .20235 
. 0 5 0 0 0 
. 0 5 0 1 2 
. 0 5 1 6 3 
. 6 5 7 3 8 
. 1 9 7 2 1 
2 . 3 7 5 0 0 
I . 6 0 8 6 5 





1 . 0 0 0 0 0 
. 0 4 7 4 4 
. 9 5 0 0 4 
. 2 2 3 1 3 
1 . 0 0 0 0 0 
. 0 6 3 9 8 
. 9 8 4 2 5 
. 1 3 6 5 7 
1 . 0 0 0 0 0 
.04828 
. 9 8 4 4 3 
. 1 5 4 1 8 
1 . 0 0 0 0 0 
. 2 9 9 6 2 
. 6 8 7 8 8 
. 1 1 5 0 3 
1 . 0 0 0 0 0 
. 1 7 5 4 6 
. 5 0 5 9 8 
. 1 0 2 2 9 
1 . 0 0 0 0 0 
.o48oi 
. 9 5 4 2 8 
. 1 5 3 7 2 
( C o n t i n u e d ) 
T a b l e 9 . E f f e c t o f U s i n g D i f f e r e n t O p e n - S e c t i o n T y p e o f R i n g s 
f o r E x a m p l e 3 w i t h M o s t E f f i c i e n t S t r i n g e r 
( T S : k = . 3 , c = 1 . 0 7 9 ) a n d MG = . 0 5 . ( C o n t i n u e d ) 
T y p e o f 
R i n g 
TR o r IAR CR, ZR o r I R AR RR 
S T F B . 1 5 7 8 5 . 0 1 5 9 8 .OI898 . 0 1 2 7 2 . 0 1 0 9 3 .OI889 
SY . 8 0 7 6 9 . . 8 2 4 8 3 . 8 1 0 2 6 . 8 0 4 9 4 . 7 7 9 5 0 . 8 1 2 0 0 
STYC .7668O . 7 8 5 9 7 . 7 7 0 0 6 . 7 6 3 4 2 . 7 3 5 5 1 . 7 7 0 8 8 
RYT . 1 9 8 5 7 . 2 0 3 3 5 . 1 9 5 8 8 . 1 9 9 7 3 . 1 8 6 8 4 . 2 0 5 0 8 




3 0 3 0 3 0 35 75 3 0 
80 








F i g u r e 15: E f f e c t o f U s i n g H a t S t r i n g e r ( k x 2 = 0 ) 
w i t h R R ( C = 1 . 0 ) o n t h e C y l i n d e r W e i g h t 
y 
f o r E x a m p l e 3. 
6 0 0 ^ 
1.0 
^ 500 
L - C R , Z R , I R TR, IAR 
400I 
8 1 0 1.1 1-2 
F i e u r e l6: E f f e c t o f R i n g S h a p e s o n t h e C y l i n d e r 
W e i g h t U s i n g M o s t E f f i c i e n t S t r i n g e r , 
( T S - k = 3, C = 1 . 0 7 9 ) f o r E x a m p l e 3, 
8l 
T a b l e 10. E f f e c t o f U s i n g HR f o r E x a m p l e 3 
w i t h M o s t E f f i c i e n t S t r i n g e r 
( T S : k = . 3 , c = 1.079) a n d 
MG = .05. 




.000 .000 .000 .000 
.993 .973 .954 .943 
w 573.61148 518.92043 513.25659 518.91773 
h .05000 .05000 .05000 .05000 
w x f x 
.054l4 .05251 .05000 .05010 
t , t p 
w y ' f y 
d 
w x 
.05155 .05324 .05326 .05063 
.65738 .65738 .65738 .65738 
b f x .19721 .19721 .19721 .19721 
d 
w y 
1.59285 1.62200 1.48360 1.37865 
.31857 .81100 1.18688 1.37865 
.00000 .00000 .00000 .00000 
1.33518 1.55253 1.55706 1.56619 
8.33333 12.50000 12.50000 11.11111 
GB 1.00000 1.00000 1.00000 1.00000 
P B .02828 .16097 .26851 .09215 
S B .61537 .88648 .90735 .91933 
S T ¥ B .11884 .13580 .15256 .15200 
S T F B .01382 .01616 .01879 .01870 
S Y .74245 .78928 .80128 .80128 
STYC .69471 .74671 .76033 .76066 
RYT .16535 .18835 .19071 .18786 
n 8 8 8 8 
n 
P 
32 52 4 i 24 
82 
T a b l e 11. F i n a l M i n i m u m W e i g h t D e s i g n R e s u l t s o f E x a m p l e 3 w i t h t h e 
M o s t E f f i c i e n t S t i f f e n e r s ( T S - R R : k W c , 1.079* 
c = 1.0) a n d V a r y i n g MG ( D e s i g n s a t O t h e r P o i n t s n o t 
sKown t o S a v e S p a c e ) . 
MG = .05 MG = .04 MG = .03 
w 486 .20235 4 4 7 . 6 6 9 3 8 4i4.59044 
h .05000 .04000 .o4ooo 
w x 7 f x 





.05163 .04127 .03175 
.65738 .61361 .70127 
Vx .19721 .18408 .21038 
d 
v 
2.37500 3.80000 3 . 4 0 0 0 0 
I.60865 1.16864 1.05132 
t 
y 
9.09091 10.00000 10.00000 
GB 1.00000 1.00000 1.00000 
P B .04801 .09501 .06154 
S B .95428 .92560 .75998 
STWB .15372 .23885 .56565 
S T F B .01889 .03234 .09187 
S Y .81200 .93422 .95^22 
STYC .77088 .87484 .89526 
RYT .20508 .21395 .23815 
n 00 6 7 
n 
P 
30 27 27 
83 
600 
5 0 0 
400l 
4 8 1-0 
* y 1 
Figure IT: Ef fec t of Using Hat Ring ( k y 2 = 0) wi th 
the Most E f f i c i e n t S t r i n g e r (TS: k x = . 3 , 
C x = 1.079) on the Cylinder Weight for 
Example 3 . 
6 0 0 
550 
_Q 
3 5 0 0 
4 5 0 
4 0 0 
M G = 0 5 
350l 
02 03 04 05 
SKIN THICKNESS , H (IN ) 
06 
Figure 10; F i n a l Minimum Weight Design of Example 3 
Using the Most E f f i c i e n t S t i f f e n e r s 
(TS-RR: k = . 3 , x 
and Varying MG. 




e x t e n d e d t o a s h e l l t h i c k n e s s l e s s t h a n t h a t b o u n d e d b y t h e s p e c i f i e d MG. 
S o m e o f t h e i n t e r e s t i n g r e s u l t s a r e l i s t e d b e l o w . 
1 . T h e e f f e c t o f a x i a l c o m p r e s s i v e l o a d i s p r e d o m i n e n t f o r t h i s 
p r o b l e m . T h i s i s t h e r e a s o n w h y a c l o s e d h a t t y p e o f s t i f f e n e r i s n o t 
m o r e e c o n o m i c a l . 
2 . A c o m p a r i s o n o f r e s u l t s i n T a b l e s 7 a n d 1 0 s h o w s t h a t t h e 
b e s t T S - H R p r o d u c e s a s h e l l w i t h o n l y ^.6 p e r c e n t m o r e w e i g h t t h a n t h e 
b e s t T S - R R . T h i s d i f f e r e n c e i s n o t m u c h a n d t h e a d v a n t a g e o f u s i n g 
T S - R R c a n b e v e r y w e l l o u t w e i g h e d b y T S - H R i f t h e t o r s i o n a l l o a d i s 
c o m p a r a t i v e l y m o r e . 
3. I t i s s e e n f r o m F i g u r e l4 t h a t t h e w e i g h t s a v i n g s r e a l i z e d 
w i t h T S o v e r t h a t w i t h C S , Z S o r I S , t h o u g h m a r k e d , i s n o t v e r y l a r g e . 
F o r s u c h m a r g i n a l d i f f e r e n c e s o t h e r f a c t o r s , s u c h a s a v a i l a b i l i t y o f 
m a t e r i a l , m a c h i n i n g c o s t s , e t c . , a r e w o r t h c o n s i d e r i n g . 
4. T h e c u r v e s i n F i g u r e l6 a r e q u i t e f l a t . N e v e r t h e l e s s , RR 
c o r r e s p o n d s t o t h e l e a s t w e i g h t . 
5 . A s c a n b e s e e n f r o m F i g u r e 1 8 , t h e d i f f e r e n c e i n w e i g h t 
b e c a u s e o f g a u g e v a r i a t i o n b e c o m e s m o r e p r o n o u n c e d a t h i g h e r v a l u e s o f 
MG a n d r e d u c e s w i t h l o w e r v a l u e s . 
6. T h e e f f e c t o f s t r i n g e r s h a p e o n t h e c y l i n d e r w e i g h t i s m o r e 
p r o n o u n c e d t h a n t h a t o f t h e r i n g s h a p e . 
7 . O n c e a g a i n i t i s c o n f i r m e d t h a t t h e m i n i m u m w e i g h t d e s i g n 
i s n o t u n i q u e a n d t h e u s e o f b o t h s t r i n g e r a n d r i n g i s m o r e e c o n o m i c a l 
t h a n u s i n g e i t h e r a l o n e . 
8 . W h i l e a p p l y i n g a s e a r c h t e c h n i q u e f o r a c o m b i n e d l o a d c a s e 
o n e h a s t o b e c a r e f u l t o s e e t h a t h e d o e s n o t f a l l i n a n o - s o l u t i o n z o n e 
85 
a t a n y s t a g e . O n e w a y t o a v o i d t h i s t r o u b l e , a s d o n e i n t h i s w o r k , 
i s t o s t a r t w i t h a v a l u e o f a n d \ ^ h i g h e r t h a n t h a t r e q u i r e d t o 
w i t h s t a n d t h e c o r r e s p o n d i n g c o m p r e s s i v e l o a d a l o n e . 
9. A s i m p l e c o m p a r i s o n o f t h e t h r e e p l o t s i n F i g u r e l8 s h o w s 
t h a t w i t h a MG o f 0.05 t h e m o s t e c o n o m i c a l d e s i g n i s o b t a i n e d w i t h a 
s k i n t h i c k n e s s b e t w e e n 0.0^5 a n d 0.05. B y d e c r e a s i n g t h e MG b e l o w 
0.05, t h e m i n i m u m w e i g h t d e s i g n c o r r e s p o n d s t o a s k i n t h i c k n e s s o f 
a b o u t O.Oh. 
10. W h e n t h e m i n i m u m w e i g h t d e s i g n i s a c h i e v e d w i t h t h e m o s t 
e f f i c i e n t s t i f f e n e r s ( T S - R R : k = . 3 , C = 1.079, G = 1.0), t h e p e r -
x x y 
c e n t a g e o f w e i g h t i n t h e s k i n , s t r i n g e r s a n d r i n g s a r e 55.5, 29.5 a n d 
15.0 r e s p e c t i v e l y ; a m a j o r i t y o f t h e w e i g h t b e i n g c o n t r i b u t e d b y t h e 
s k i n . 
T o r s i o n C o m b i n e d w i t h A x i a l C o m p r e s s i o n a n d L a t e r a l P r e s s u r e 
T h i s c o m b i n e d l o a d c a s e , E x a m p l e h, i s t a k e n a s a t e s t c a s e . 
I n s t e a d o f u n n e c e s s a r i l y w a s t i n g c o m p u t e r t i m e b y a n a l y z i n g a l l t h e 
s t i f f e n e r c o m b i n a t i o n s o n c e a g a i n , t h e t y p e o f s t i f f e n i n g ( T S - R R : 
k = . 3 , C = 1.079, C = 1 . 0 ) w h i c h p r o v e d b e s t f o r E x a m p l e 3 i s c o n 
x x y 
s i d e r e d a n d t h e s h e l l i s d e s i g n e d f o r m i n i m u m w e i g h t . T h e d e s i g n 
r e s u l t s o f E x a m p l e s 3 a n d k w i t h a MG = .05 a r e g i v e n i n T a b l e 12 a n d 
s h o w n g r a p h i c a l l y i n F i g u r e 19. I t i s n o t c l a i m e d t h a t t h e b e s t s i z e 
a n d s h a p e o f s t i f f e n e r s o f E x a m p l e 3 w i l l p r o v e t o b e t h e b e s t f o r 
E x a m p l e h a s w e l l . B u t t h e c o n t e n t i o n i s t h a t w i t h t h e b e s t s u i t e d 
s t i f f e n e r s , i f d i f f e r e n t f r o m t h a t o f E x a m p l e 3, t h e f i n a l m i n i m u m 
w e i g h t d e s i g n w i l l b e o b t a i n e d w i t h a s t i l l l o w e r w e i g h t . 
T h e m o s t i m p o r t a n t r e s u l t s a r e l i s t e d b e l o w . 
T a b l e 1 2 . D e s i g n R e s u l t s o f E x a m p l e 4 a n d E x a m p l e 3 
w i t h t h e M o s t E f f i c i e n t S t i f f e n e r s o f E x a m p l e 3 
( T S - R R : k = .3, c = 1 .079* c = 1 . 0 ) a n d MG = . 0 5 . 
E x a m p l e 4 E x a m p l e 3 
w 4 8 9 . 9 4 8 2 6 4 3 6 . 9 0 6 3 7 4 2 5 . 9 0 6 7 9 5 6 3 . 9 9 9 4 9 5 0 7 . 5 5 8 3 6 4 8 6 . 2 0 2 3 5 
h . 0 7 0 0 2 . 0 6 0 0 3 . 0 5 0 0 0 . 0 7 0 0 2 . 0 6 0 0 3 . 0 5 0 0 0 
w x 7 f x 
. 0 5 0 1 2 . 0 5 0 0 8 . 0 5 0 0 6 . 0 5 1 7 0 . 0 5 0 0 7 . 0 5 0 1 2 
t 
V 
. 0 5 1 4 9 . 0 5 2 0 7 . 0 5 2 3 2 . 0 5 0 1 1 . 0 5 1 6 3 . 0 5 1 6 3 
d 
w x 
. 4 6 0 2 9 . 5 2 7 1 4 . 5 4 7 8 2 . 6 1 3 7 2 . 5 7 8 7 6 . 6 5 7 3 8 
. 1 3 8 0 9 . 1 5 7 8 4 . 1 6 4 3 5 . 1 8 4 1 2 . 1 7 3 6 3 . 1 9 7 2 1 
d 
y 
1 . 7 5 0 5 0 1 . 5 0 0 7 5 1 . 2 5 0 0 0 1 . 7 5 0 5 0 2 . 5 8 1 2 9 2 . 3 7 5 0 0 
2 . 5 4 3 2 0 2 . 6 0 5 2 2 1 . 9 2 8 0 5 2 . 1 0 2 6 4 1 . 9 4 2 0 8 1 . 6 0 8 6 5 
1 0 . 0 0 0 0 0 1 0 . 0 0 0 0 0 6 . 2 5 0 0 0 5 . 8 8 2 3 5 9 . 0 9 0 9 1 9 . 0 9 0 9 1 
GB 1 . 0 0 0 0 0 1 . 0 0 0 0 0 1 . 0 0 0 0 0 1 . 0 0 0 0 0 1 . 0 0 0 0 0 1 . 0 0 0 0 0 
P B . 2 1 4 3 1 . 1 3 9 7 0 . 0 3 1 6 3 . 0 3 8 6 4 . 1 0 2 6 1 . 0 4 8 0 1 
SB . 1 5 9 ^ . 3 6 4 0 9 . 2 6 8 2 8 . 7 1 6 1 3 . 9 ^ 2 3 3 . 9 5 4 2 8 
STWB . 0 6 4 2 9 . 0 9 4 0 9 . 1 0 7 7 ^ . 1 0 7 7 8 . 1 1 5 2 0 . 1 5 3 7 2 
S T F B . 0 0 5 7 6 . 0 0 9 6 9 . 0 1 1 5 1 . 0 1 2 3 2 . 0 1 2 8 9 . 0 1 8 8 9 
( C o n t i n u e d ) 
T a b l e 1 2 . D e s i g n R e s u l t s o f E x a m p l e 4 a n d E x a m p l e 3 
w i t h t h e M o s t E f f i c i e n t S t i f f e n e r s o f E x a m p l e 3 
( T S - R R : k = .3, c = 1 , 0 7 9 , c = 1 . 0 ) a n d MG = . 0 5 . ( C o n t i n u e d ) 
E x a m p l e 4 E x a m p l e 3 
S Y . 7 8 6 5 6 . 8 9 0 1 8 . 9 5 8 3 0 . 6 7 9 2 4 . 7 6 8 0 0 . 8 1 2 0 0 
STYC . 6 5 7 0 4 . 7 3 4 7 1 . 7 7 5 1 5 . 6 5 9 2 6 . 7 4 3 0 8 . 7 7 0 8 8 
RYT . 5 1 1 4 8 . 5 8 6 5 7 . 6 3 2 6 2 . 1 8 2 8 4 . 2 0 1 3 7 . 2 0 5 0 8 
n 1 0 1 1 1 0 9 8 8 
n 
P 





4 5 0 L 
Example 3-
< N X X + N x y ) 
400L Example 4 
( N x x + N x y + N y y ) 
350 
.045 05 .055 -06 
SKIN THICKNESS , H (IN ) 
065 .07 
F i g u r e 19: Minimum Weight D e s i g n of Examples 4 and 3 
Us ing t h e Most E f f i c i e n t S t i f f e n e r s of 
Example 3 (TS-RR: k = . 3 , C = 1 . 0 7 9 , 
x x 
C = 1 .0 ) and MG = . 0 5 . 
y 
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1 . A s i m p l e c o m p a r i s o n o f t h e d e s i g n r e s u l t s ( T a b l e 1 2 o r 
F i g u r e 1 9 ) s h o w s t h a t i n t e r n a l p r e s s u r e i s g r e a t l y h e l p f u l i n r e d u c i n g 
t h e w e i g h t ( f o r a f u s e l a g e t y p e o f s t r u c t u r e , e x t e r n a l p r e s s u r e i s n o t 
a q u e s t i o n a n d h e n c e n o t a t t e m p t e d ) . 
2 . I t c a n v e r y w e l l b e i n f e r r e d t h a t t o r s i o n c o m b i n e d w i t h 
a x i a l c o m p r e s s i o n ( w i t h o u t l a t e r a l p r e s s u r e ) i s c h a r a c t e r i s t i c o f t h e 
w o r s t p o s s i b l e l o a d i n g c a s e f o r f u s e l a g e t y p e o f s t r u c t u r e s . 
3 . A c o m p a r i s o n o f t h e r e s u l t s o f E x a m p l e s 3 a n d k i n T a b l e 12 
s h o w s t h a t s k i n b u c k l i n g , w h i c h i s a n a c t i v e m o d e o f f a i l u r e f o r t h e 
t w o l o a d c a s e ( N + N )> E x a m p l e 3* i s n o l o n g e r a c t i v e f o r t h e t h r e e 
x x x y 
l o a d c a s e ( N + N + N ) , E x a m p l e k. 
x x x y y y 
k. W i t h p r e s s u r e l o a d i n g t h e r i n g s b e c o m e m o r e e f f e c t i v e i n 
s h a r i n g t h e l o a d . T h i s c a n b e s e e n b y c o m p a r i n g t h e v a l u e s o f RYT 
( r i n g y i e l d i n g i n t e n s i o n ) f o r t h e t w o e x a m p l e s . 
5. I f n o t f o r a l l t y p e s o f s t i f f e n e r s , a t l e a s t f o r t h e c a s e 
c o n s i d e r e d i t i s c o n c l u d e d t h a t t h e u s e o f b o t h s t r i n g e r s a n d r i n g s l e a d s 
t o a m o r e e f f i c i e n t c o n f i g u r a t i o n o v e r u s i n g e i t h e r s t r i n g e r s a l o n e o r 
r i n g s a l o n e . 
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CHAPTER V 
CONCLUSIONS AND RECOMMENDATIONS 
C o n c l u s i o n s 
T h e m o s t i m p o r t a n t c o n c l u s i o n s b a s e d o n t h e E x a m p l e s c o n s i d e r e d 
i n t h e p r e s e n t w o r k a r e l i s t e d b e l o w . 
P u r e T o r s i o n a l L o a d 
1 . F r o m t h e p o i n t o f v i e w o f w e i g h t s a v i n g s a n d c o m p a c t n e s s 
o f d e s i g n , H S - R R a n d HS-HR a r e m o r e e c o n o m i c a l f o r s h o r t a s w e l l a s 
l o n g c y l i n d e r s . 
2. I n v a r i a b l y t h e m i n i m u m w e i g h t d e s i g n a t t h e p r e s e t MG f o r 
t h e s k i n t h i c k n e s s , h i s t h e m o s t e c o n o m i c a l f o r a l l t y p e s o f s t i f f e n e r s . 
3. T h e u p p e r b o u n d s o n £ a n d £ , f r o m c o n s i d e r a t i o n o f t h e 
x y 
a p p l i c a b i l i t y o f t h e s m e a r e d t e c h n i q u e , a r e m o r e i m p o r t a n t f a c t o r s i n 
a r r i v i n g a t t h e m i n i m u m w e i g h t d e s i g n f o r m o s t t y p e s o f s t i f f e n e r s . 
h. T h e h i g h e r t h e b o u n d s o n JL a n d / , t h e l o w e r t h e e f f e c t o f 
wx y 
g a u g e v a r i a t i o n . 
T o r s i o n C o m b i n e d w i t h A x i a l C o m p r e s s i o n ( W i t h o u t L a t e r a l P r e s s u r e ) 
1 . T h e e f f e c t o f s t r i n g e r g e o m e t r y o n t h e w e i g h t o f t h e c y l i n d e r 
i s m o r e p r o n o u n c e d t h a n t h a t o f t h e r i n g g e o m e t r y . 
2. When t h e a x i a l c o m p r e s s i o n i s p r e d o m i n a n t a s c o m p a r e d t o t h e 
t o r s i o n t h e n , a t l e a s t f o r s h o r t c y l i n d e r s , o p e n - s e c t i o n t y p e s t i f f e n e r s 
( T S - R R ) a r e m o r e e f f i c i e n t . 
3. I t c a n n o t b e i n f e r r e d t h a t o n e p a r t i c u l a r s h a p e a n d s i z e o f 
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s t i f f e n e r s w i l l b e b e s t f o r a l l c o m b i n e d l o a d p r o b l e m s . E a c h p r o b l e m 
s h o u l d b e s o l v e d s e p a r a t e l y . 
h. I n o r d e r t o o b t a i n a c o r r e c t s o l u t i o n , i t i s n e c e s s a r y t o 
s e e t h a t t h e d e s i g n e r d o e s n o t f a l l i n a n o - s o l u t i o n z o n e a t a n y 
s t a g e . T h i s c a n b e d o n e b y s t a r t i n g a n d m a i n t a i n i n g t h e v a l u e s o f 
t h e i n d e p e n d e n t v a r i a b l e s (kxx, \ ^ h e r e ) a t a h i g h e r l e v e l t h a n t h a t 
r e q u i r e d f o r t h e c o r r e s p o n d i n g c o m p r e s s i v e l o a d a l o n e , w h i c h , i n t u r n , 
r e q u i r e s a s o l u t i o n f o r t h e c o m p r e s s i v e l o a d f i r s t . 
5. T h e d i f f e r e n c e i n w e i g h t b e c a u s e o f g a u g e v a r i a t i o n i s m o r e 
p r o n o u n c e d a t h i g h e r v a l u e s o f MG. 
6. T h e s k i n t h i c k n e s s w h i c h c o r r e s p o n d s t o t h e m i n i m u m w e i g h t 
d e s i g n a n d t h e c y l i n d e r w e i g h t d e p e n d u p o n t h e MG a d o p t e d . T h i s s h o w s 
t h a t a d e c i s i o n a b o u t MG i s a n e s s e n t i a l f a c t o r . 
T o r s i o n C o m b i n e d w i t h A x i a l C o m p r e s s i o n a n d L a t e r a l P r e s s u r e 
1 . I n t e r n a l p r e s s u r e i s g r e a t l y h e l p f u l i n r e d u c i n g t h e s h e l l 
w e i g h t . 
2. W i t h i n t e r n a l p r e s s u r e l o a d i n g t h e r i n g s b e c o m e m o r e a c t i v e 
i n s h a r i n g t h e l o a d a n d s k i n b u c k l i n g c e a s e s t o b e a n a c t i v e m o d e o f 
f a i l u r e , f o r a p r e s s u r e o f o n e a t m o s p h e r e . 
G e n e r a l ( F o r A l l L o a d i n g C a s e s ) 
1 . S t i f f e n i n g i n b o t h d i r e c t i o n s , c i r c u m f e r e n t i a l a n d l o n g i ­
t u d i n a l , p r o d u c e s a m o r e e c o n o m i c a l d e s i g n t h a n a n y o n e a l o n e . 
2. T h e m i n i m u m w e i g h t d e s i g n i s n o t u n i q u e . T h e r e e x i s t 
p o s s i b i l i t i e s o f a d j u s t i n g t h e p a r a m e t e r s t o a r r i v e a t a f i n a l d e s i g n 
o f n e a r l y t h e s a m e w e i g h t . F u r t h e r m o r e , n o n - u n i q u e n e s s o f o p t i m u m 
i m p l i e s f l e x i b i l i t y t o d e a l i n t h e f u t u r e w i t h i m p e r f e c t i o n 
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s e n s i t i v i t y a n d c o s t t r a d e - o f f s . 
3. A n a u t o m a t e d d e s i g n i n f i v e s t a g e s , a s p r o d u c e d h e r e i n f o r 
t h e c o m b i n e d l o a d c a s e , h i g h l y f a c i l i t a t e s t h e d e s i g n e r i n a r r i v i n g 
a t a m i n i m u m w e i g h t d e s i g n w i t h r e d u c e d c o m p u t e r t i m e . 
4. T h e p r e s e n t a p p r o a c h g i v e s f u l l f r e e d o m a n d c o m p l e t e 
c o n t r o l t o t h e d e s i g n e r i n m a k i n g a d e c i s i o n f o r t h e p e n a l t y i n w e i g h t 
t h a t h e i s f o r c e d t o p a y i n o r d e r t o r e l a x s o m e o f t h e c o n s t r a i n t s a n d 
r e q u i r e m e n t s . A d d i t i o n a l l y , f a i l u r e m o d e i n t e r a c t i o n c a n b e a v o i d e d 
e a s i l y a n d t h e a c t i v e f a i l u r e m o d e s a r e w i s e l y s e p a r a t e d o u t t o t h e 
d e s i r e d e x t e n t . 
A C o m p a r i s o n w i t h t h e R e s u l t s o f A x i a l C o m p r e s s i o n 
A c o m p a r i s o n o f t h e r e s u l t s o f m i n i m u m w e i g h t d e s i g n o f t h e s a m e 
c y l i n d e r ( C - l 4 l f u s e l a g e ) t o w i t h s t a n d o n l y a x i a l c o m p r e s s i o n ( s e e 
R e f e r e n c e [20]) w i t h t h a t o f t o r s i o n c o m b i n e d w i t h a x i a l c o m p r e s s i o n 
s h o w s t h e f o l l o w i n g s a l i e n t p o i n t s . 
1. B y a d d i n g t o r s i o n o v e r t h e e x i s t i n g a x i a l c o m p r e s s i v e l o a d 
t h e a d d i t i o n a l w e i g h t r e q u i r e d i s 13.202 l b . o v e r 473.0 l b . , i . e . , a n 
i n c r e a s e o f 2.791 P e r c e n t . 
2. T h e o p t i m i z i n g s i z e a n d s h a p e o f s t i f f e n e r s ( T S - R R : k = 0 . 3 , 
C = 1.079, C = 1 . 0 ) a r e t h e s a m e f o r b o t h l o a d i n g c a s e s . T h i s s h o w s 
x y J & 
t h a t t h e p r e d o m i n a n t a x i a l c o m p r e s s i v e l o a d i s m o r e i n s t r u m e n t a l i n 
i n f l u e n c i n g t h e s t i f f e n e r g e o m e t r i e s . 
3. T h e r e i s n o a p p r e c i a b l e d i f f e r e n c e i n t h e s t r i n g e r d e p t h a n d 
w i d t h b u t t h e r i n g d e p t h i s a p p r e c i a b l y i n c r e a s e d f r o m 1.75 i n c h f o r 
s i m p l e c o m p r e s s i o n t o 2.375 i n c h f o r t o r s i o n c o m b i n e d w i t h a x i a l c o m ­
p r e s s i o n , a 35-71^ p e r c e n t i n c r e a s e . 
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h. S t r i n g e r s p a c i n g i s v e r y n e a r l y t h e s a m e f o r t h e t w o 
l o a d i n g c a s e s b u t t h e r i n g s p a c i n g i s r e d u c e d a p p r e c i a b l y ( f r o m 1 2 . 5 
i n c h e s f o r c o m p r e s s i o n o n l y t o 9 * 0 9 1 i n c h e s f o r t o r s i o n c o m b i n e d w i t h 
a x i a l c o m p r e s s i o n ) . 
5 . P a n e l b u c k l i n g i s a n a c t i v e f a i l u r e m o d e f o r s i m p l e c o m ­
p r e s s i o n ( P B = 0 . 8 8 2 1 ) w h i c h i s n o t t h e c a s e f o r t o r s i o n w i t h a x i a l 
c o m p r e s s i o n ( P B = 0 . 0 4 8 ) . 
6 . T h e p e r c e n t a g e o f w e i g h t f o r a s i m p l e c o m p r e s s i o n , s e e 
R e f e r e n c e [ 2 0 ] , i n t h e s k i n , s t r i n g e r s a n d r i n g s a r e 6 0 . O , 3 0 . 0 a n d 
1 0 . 0 r e s p e c t i v e l y . F o r a c o m b i n e d l o a d c a s e t h i s c h a n g e s t o 5 5 - 5 * 
2 9 . 5 a n d 1 5 . O r e s p e c t i v e l y , s h o w i n g a t r a n s f e r o f s o m e s k i n m a t e r i a l 
t o t h e r i n g s w i t h t h e s t r i n g e r m a t e r i a l r e m a i n i n g m o r e o r l e s s t h e 
s a m e . 
7 . U n l e s s o n e s o l v e s a n u m b e r o f p r o b l e m s , n o g e n e r a l i z a t i o n 
c a n b e m a d e , b y d e r i v i n g a l o g i c a l c o n c l u s i o n f r o m t h e a b o v e m e n t i o n e d 
( N u m b e r s o n e t o s i x ) o b s e r v a t i o n s o f o n e s h e l l g e o m e t r y , w h i c h c o u l d 
b e s a i d t o b e v a l i d f o r a l l t y p e s o f c y l i n d e r s a n d l o a d i n g s . 
R e c o m m e n d a t i o n s 
1 . T h e m e t h o d a d o p t e d h e r e i n c a n b e u s e d f o r s h e l l s o t h e r t h a n 
c i r c u l a r c y l i n d r i c a l . 
2 . O t h e r c l o s e d t y p e s t i f f e n e r s h a p e s , s u c h a s i n v e r t e d V a n d 
Y , s h o u l d b e e x a m i n e d f o r a n y f u r t h e r w e i g h t r e d u c t i o n . 
3 . T h e p r e s e n t m e t h o d s h o u l d b e e x t e n d e d t o t h e t r u s s - c o r e 
s a n d w i c h t y p e o f c y l i n d e r s a n d t o t h e c y l i n d e r s w i t h s t i f f e n e r s n o t 
a l i g n e d i n t h e c i r c u m f e r e n t i a l a n d l o n g i t u d i n a l d i r e c t i o n s . 
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h. A c o m p o s i t e s h e l l s h o u l d a l s o h e a n a l y z e d b e f o r e a r r i v i n g 
a t a d e c i s i o n a s t o w h i c h t y p e , o u t o f c o n v e n t i o n a l l y s t i f f e n e d , 




ASSUMPTIONS I N THE S T I F F E N E D CYLINDRICAL SHELL A N A L Y S I S 
1 . T h e s h e l l i s t h i n . 
2. T h e d e f l e c t i o n s a r e s m a l l . 
3. T h e r o t a t i o n s a b o u t t h e i n p l a n e a x e s a r e v e r y l a r g e i n 
c o m p a r i s o n t o t h e r o t a t i o n a b o u t t h e n o r m a l a x i s . 
k. N o r m a l s t o t h e r e f e r e n c e s u r f a c e b e f o r e d e f o r m a t i o n r e m a i n 
n o r m a l e v e n a f t e r d e f o r m a t i o n a n d t h e y a r e i n e x t e n s i o n a l , s o t h a t 
y = v = e = 0 . 
x z r y z z z 
5 . T h e s t i f f e n e r s a r e a l o n g t h e p r i n c i p a l c u r v a t u r e s . 
6. S m e a r t e c h n i q u e h o l d s t r u e , i . e . , t h e s p a c i n g s o f t h e 
s t i f f e n e r s a r e c l o s e e n o u g h s o t h a t t h e f l e x u r a l a n d e x t e n s i o n a l s t i f f ­
n e s s a r e d i s t r i b u t e d m a t h e m a t i c a l l y o v e r t h e w h o l e s u r f a c e o f t h e s h e l l . 
J. T h e s t i f f e n e r - t o - s k i n c o n n e c t i o n i s m o n o l i t h i c . 
8 . O p e n e d t y p e o f s t i f f e n e r s a r e t o r s i o n a l l y w e a k . 
9 . S t i f f e n e r s a r e i n t h e u n i a x i a l s t r e s s s t a t e . 
1 0 . T h e m e m b r a n e s h e a r f o r c e i s c a r r i e d e n t i r e l y b y t h e s k i n . 
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APPENDIX B 
PROPERTIES OF S T I F F E N E R S 
W i t h t h e u n d e r s t a n d i n g t h a t t h e r e w i l l h e n o s u m m a t i o n o n i a n d 
w i t h i r e p r e s e n t i n g e i t h e r x o r y w h i c h i n t u r n r e p r e s e n t r e s p e c t i v e l y 
t h e s t r i n g e r a n d t h e r i n g , i t c a n b e e a s i l y s h o w n t h a t f o r o p e n a s 
w e l l a s c l o s e t y p e o f s t i f f e n e r s w h e n t j j t ^ « d 
N o n d i m e n s i o n a l r a d i u s o f g y r a t i o n , = P ^ ^ j " ) 
- 2 -
N o n d i m e n s i o n a l f l e x u r a l s t i f f n e s s , p . . = rv- A. . . 
* rn ui 1 1 
2yh 
N o n d i m e n s i o n a l s t i f f e n e r e c c e n t r i c i t y , e . = 1 7 ^ ~ — * — ( l + C .q- . ) 
i d/j 1 1 
w h e r e t h e v a l u e s o f t h e p a r a m e t e r s p ^ a n d d e p e n d u p o n t h e t y p e o f 
s t i f f e n e r g e o m e t r y s e l e c t e d . 
( i ) O p e n S t i f f e n e r s : 
W i t h t h e n o t a t i o n s a s i n F i g u r e B l a n d s t a r t i n g w i t h t h e b a s i c 
i 
d e f i n i t i o n , i . e . , t h e r a d i u s o f g y r a t i o n o f s t i f f e n e r , qi - [ i / A ] 2 a n d 
t h e r a d i u s o f g y r a t i o n o f s k i n p e r u n i t l e n g t h = h / / l 2 , p ^ a n d f o r 
t h e c o m m o n l y u s e d o p e n t y p e s o f s t i f f e n e r s a r e g i v e n i n T a b l e B l . 
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\ twF r 
A n g l e Channel or Zee 
yt^oh for IA 
h b f =kd w -H 
t f ^ c f t w 
•w lw e ^4 
R e c t a n g u l a r Tee & IA 




b f = k d w 
Hat 
F i g u r e B1: S t i f fener G e o m e t r y 
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T a b l e B l . P r o p e r t i e s o f O p e n - S e c t i o n T y p e o f S t i f f e n e r s . 
T y p e o f S t i f f e n e r 
p i c l 
R e c t a n g u l a r 1.0 1.0 
T e e , I n v e r t e d A n g l e 
( 1 + f i i ' 1 + 2cf. k . 
1 
( 1 + 4cf. k . ) 1 / 2 
C h a n n e l , I , Z 
, 1 
i 
+ 6cf. k 1/2 1 + 2cf. k . 1/2 u + 2ef. k . ; b + 6cf. k.j 
A n g l e 
( 1 + V1/2 1 
1 + c f l k l ( 1 + 4cf. k . ) 1 / 2 
( i i ) C l o s e d ( H a t ) S t i f f e n e r : W i t h t h e n o t a t i o n s i n F i g u r e B l a n d 
a s s u m i n g t h a t t n . = t „ . = t „ . = t . ^ d . a n d t . ~ h & l i 2i 3i i i i 
A r e a , A± = c L t . ( 2 + k±± + 2 k g . ) 
d ^ , t . . 6k2. + 8k,. + 161̂ . + 2 4 k 2 + h. 
_ i / 1 . 1 l i l i 2i 2i T 
M-X*» \c ~ 1 2 Vd.; I 2 + kxl + 2 k 2 . 
d4 t 
Se-i Vof) [6k2i + ( k l i + 2 k 2 . ) 3 ] SiA - -2 
2 D £ . ~ 1 + v A h 2 " q i * i l " i 
1 0 0 
J . = f o r a n y c l o s e d s e c t i o n . 
i s j 
p d s 
.1 t 
o 
F r o m t h e s e v e h a v e p . , C . a n d q . f o r h a t s e c t i o n a s s h o w n i n 
T a b l e B 2 . 
T a b l e B 2 . P r o p e r t i e s o f H a t S t i f f e n e r . 
T y p e o f 
S t i f f e n e r 
p i C i 
H a t 
( 6 k ^ i - f 3 k l i + l 6 k 2 i + 2 l H ^ i + U ) 2 ( k l i + l ) 1 2 K l i 





Z-RANGE FOR GENERATING DATA 
R e f e r r i n g t o [42] t h e c r i t i c a l s t r e s s f o r a u n i f o r m t h i c k n e s s 
i s o t r o p i c c y l i n d r i c a l s h e l l i s g i v e n b y 
K = .925 Z J / 
s 
c r 
N L 2 2 2, 2v| 
w h e r e f o r o u r c a s e K g = , D = EhVl2(l-v ) a n d Z = ' . 
c r tt D 
F o r s h e l l p r o b l e m 1 s u b s t i t u t i n g N ^ y = 4l8.538, R = 85, L = 100, 
E = 10.5 x 10 a n d v = . 33 a n d s o l v i n g t h e a b o v e e q u a t i o n s o n e g e t s 
Z ^ n ~ 750. T h e h i g h e r l i m i t f o r Z i s f i x e d b y s e l e c t i n g a MG f o r 
h = .05 w h i c h f i x e s Z ~ 2200, a n d Z ~ 7000 f o r a WMG d e s i g n f r o m 
m a x — m a x — 
a c o n s i d e r a t i o n t h a t y i e l d i n g i n t h e s k i n m a t e r i a l s h o u l d n o t t a k e 
p l a c e . S i m i l a r l y s u b s t i t u t i n g N = 125, R = 95.5, L = 291 a n d E a n d 
x y 
v a s a b o v e f o r t h e s h e l l p r o b l e m 2, w e g e t Z ^ = 7,500. T h e h i g h e r 
l i m i t o f Z f o r t h i s p r o b l e m w i t h MG = .02 f o r h b e c o m e s Z ~ 4l,000 
* m a x -
a n d f o r a WMG d e s i g n Z ~ 170,000 f o r t h e y i e l d i n g o f t h e s k i n n o t 
m a x 
t o t a k e p l a c e . 
H a v i n g k n o w n t h e m i n i m u m w e i g h t d e s i g n r e s u l t s f o r p u r e t o r s i o n 
a n d f o r a x i a l c o m p r e s s i o n f r o m R e f e r e n c e [20], i t b e c o m e s q u i t e s i m p l e 
t o d e c i d e a b o u t t h e Z - r a n g e f o r t h e c o m b i n e d l o a d c a s e . 
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A P P E N D I X D 
SOLUTION OF EIGENVALUES 
AND EIGENVECTORS WHEN \ = 
C o n s i d e r 
[A + K s B ] { X } = 0 ( D l ) 
w h e r e t h e l o w e s t v a l u e o f K g i s r e q u i r e d a n d A a n d B a r e s y m m e t r i c 
m a t r i c e s a n d A i s p o s i t i v e d e f i n i t e . T h e n t h e m i n i m u m v a l u e , K 
s . 
, m m 
i s a l w a y s r e a l . B y p u t t i n g C = A B a n d \ = — , E q u a t i o n ( D l ) r e d u c e s 
K 
t o 
[C + XI][X] = o ( D 2 ) 
E q u a t i o n ( D 2 ) i s t h e u s u a l e i g e n v a l u e p r o b l e m . F o r K w e s h a l l 
m i n 
h a v e m a x i m u m v a l u e o f \ . F u r t h e r m o r e , i f K i s a n e i g e n v a l u e , s o i s 
s 
- C . ,« B e s i d e s , f r o m t h e p h y s i c s o f t h e p r o b l e m ( t o r s i o n a l l o a d i n g ) t h e 
s i g n o f K ( a n d h e n c e o f X) d o e s n o t m a k e a n y d i f f e r e n c e , 
s 
L e t \ 1 = - X2 A N D 1̂ 1 > [X*| > • • • > 1^1- T h e n a n a r b i t r a r y 
v e c t o r V c a n b e w r i t t e n a s a l i n e a r c o m b i n a t i o n o f t h e e i g e n v e c t o r s 
X , X 2 , X n o f - C ; R e f e r e n c e [ 3 9 ] * [ ^ 0 ] . O n e c a n w r i t e 
V = <x-^2_ + a 2 X 2 + a3^3 + ''' + 
-CV = « S 1 X 1 X 1 + a 2 ( - X 1 ) X 2 + ^3^3X3 + *•• + ®n\iX3 
(-C)"V = A I X ^ L + ig-XjfZz + c3X^X3 + ••• + aNX^XN 
F o r s i m p l i c i t y l e t = - C V , V 2 = -CV^ ~ ( ~ C ) ^ ' o r i n S e n e r a l 
V = ( - C ) m V . T h e n V = -CV . S u b s t i t u t i n g C = A _ L B a n d 
m m+1 m 
p r e m u l t i p l y i n g b y A 
AV „ = - BV 
m + 1 m 
T h e l o w e s t e i g e n v a l u e , K i s o b t a i n e d a s f o l l o w s ; 
m i n 
V 
/ , \ 2 m , 2 m 
= ( V l ^ l + ^ " V X 2 + • • * + * n \ i * n 2m 
V 2 m - h[«lXl + « 2 X 2 + * ' • + X 
F o r l a r g e m t h i s r e d u c e s t o 
V m = * ? < « 1 X 1 + * 2 * 2 ' > 
s i m i l a r l y 
2 m + 2 , v • v 
V 2 n n 2 = h ( * 1 X 1 + a 2 X 2 } 
T h e n 
V T 2m 4m+2 
2 m 4 2 _ A l _ / 1 _ ' 
V T • - ~W " U J 
2m-+2 2 m + 2 A l 
R e m e m b e r i n g t h a t K = l / \ , w e h a v e 
s x 
V T V 
- 2 2 m + 2 2m 
IV = 
s V T V 
2 m + 2 2 m + 2 
T h e e i g e n v e c t o r s a r e o b t a i n e d b y t h e f o l l o w i n g m e t h o d 
,2m 
V 2 m = * f [ - 1 X 1 + « 2 X 2 + ' ' ' + -n(Wm X n ] 
1 0 5 
V 2 m + 1 = 4m+1 [ " A " ff2X2 + • * • + an{\[) n . 
F o r l a r g e m, 
a n d 
V 2 m + 1 + h V 2 m = 2 « l * F + 1 X l 
V 2 m + 1 " h V 2 m = X 2 
S i n c e a s c a l a r m u l t i p l e o f t h e e i g e n v e c t o r r e p r e s e n t s t h e 
e i g e n v e c t o r i t s e l f a n d X ^ a n d X ^ a r e t h e e i g e n v e c t o r s c o r r e s p o n d i n g t o 
X 1 a n d *A_ 
X l " V 2 m + 1 + X l V 2 m f o r P o s i t i v e h 
\ = V 2 m + 1 " X l V 2 m f o r n e § a t l v e h 
A l t e r n a t i v e l y 
1 . = V 0 + K V 0 f o r p o s i t i v e K 1 2m s 2 m + l s 
( D 5 ) 
X ^ = V 0 - K V n f o r n e g a t i v e K Z 2m s 2 m + l 




ALTERNATIVE APPROACH FOR ESTIMATING 
K FOR COMBINED LOADING 
s 
c r 
I n e m p l o y i n g t h e f l e x i b l e p o l y h e d r o n t y p e o f s i m p l e x m e t h o d o n e 
h a s t o e v a l u a t e K a t e a c h v e r t e x o f t h e p o l y h e d r o n . I n e f f e c t t h i s 
c r 
r e q u i r e s f i n d i n g K f o r a k n o w n g e o m e t r y o f t h e s h e l l . F o r c o m b i n e d 
s 
c r 
l o a d i n g , o n e c a n s i m p l i f y t h i s c a l c u l a t i o n b y m a k i n g u s e o f i n t e r a c t i o n 
c u r v e a s s h o w n i n F i g u r e E l w h e r e p o i n t s A a n d B c o r r e s p o n d t o t h e 
c r i t i c a l l o a d s i n s i m p l e t o r s i o n a n d a x i a l c o m p r e s s i o n r e s p e c t i v e l y , 
i . e . , N a n d N , f o r a f i x e d g e o m e t r y , 
x y c r 
' ' c r 
A s a l r e a d y e x p l a i n e d , f o r a k n o w n g e o m e t r y o f t h e s h e l l N ( A ) 
x y c r 
c a n b e f o u n d b y f i n d i n g K a f t e r s o l v i n g a 5 X 5 d e t e r m i n a n t f o r K 
s s 
c r 
a n d m i n i m i z i n g i t w . r . t . 3(= n L / r r R , n > 2 ) . A l s o N c r ( B ) c a n b e f o u n d 
b y t h e m e t h o d o u t l i n e d i n R e f e r e n c e s [19] a n d [20]. A k n o c k d o w n f a c t o r 
a n d a f a c t o r o f s a f e t y o n N a n d N c a n b e s u i t a b l y i m p o s e d . T h e 
x y c r 
p r e s e n t s t a t e o f t h e a r t d i c t a t e s a f a c t o r o f 0.65 f o r N a n d 0.80 f o r 
c r 
N . T h i s m e a n s t h a t t h e c r i t i c a l c o n d i t i o n i n t h e p r e s e n c e o f 
x y 
^ c r 
i m p e r f e c t i o n s c a n b e t a k e n a s t h o s e p r e d i c t e d b y l i n e a r t h e o r y m u l t i p l i e d 
b y t h e a b o v e f a c t o r s . A s a n e s t i m a t e ( t h e u s u a l e n g i n e e r i n g a p p r o a c h ) 
a s t r a i g h t l i n e ( s h o w n d o t t e d i n t h e f i g u r e ) m a y b e t a k e n a s a n a p p r o x ­
i m a t i o n t o r e p l a c e t h e e x a c t i n t e r a c t i o n c u r v e [ 4 4 ] . H a v i n g f o u n d t h i s 
s t r a i g h t l i n e i n t e r a c t i o n f o r a n y g e o m e t r y o f t h e s h e l l , o n e c a n e a s i l y 
f i n d N f o r a n y k n o w n v a l u e o f N a n d h e n c e K c a n b e f o u n d f o r t h e 
x y s 
c r c r 
c o m b i n e d l o a d i n g . 
1 0 7 
O n e s h o u l d n o t l o s e s i g h t o f t h e f a c t t h a t t h e e x a c t i n t e r a c t i o n 
c u r v e h a s b e e n a p p r o x i m a t e d b y a s t r a i g h t l i n e a n d t h e v a l u e o f K c 
d e p e n d s u p o n t h e k n o c k d o w n f a c t o r a n d t h e f a c t o r o f s a f e t y a s s u m e d 
s 
c r 
b y t h e d e s i g n e r o n N a n d N . A l s o t h e p r o c e d u r e s e x p l a i n e d h e r e i n 
x y c r 
h a s t o b e f o l l o w e d a n d I h a s g o t t o b e e v a l u a t e d a t e a c h o f t h e 
s 
c r 
v e r t i c e s o f t h e p o l y h e d r o n . 
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APPENDIX F 
SAMPLE D E S I G N 
W i t h t h e d e s i g n p r o c e d u r e d i s c u s s e d i n C h a p t e r I I I o n e e x a m p l e 
f o r p u r e t o r s i o n a n d a n o t h e r f o r t o r s i o n c o m b i n e d w i t h a x i a l c o m p r e s ­
s i v e l o a d a r e s o l v e d h e r e f o r t h e p u r p o s e o f i l l u s t r a t i o n . T h e 
a s s o c i a t e d d e s i g n t a b l e s , i . e . , t h e d a t a g e n e r a t e d f r o m t h e p r o g r a m 
i n s t a g e s 1 a n d 2 r e s p e c t i v e l y a r e a l s o g i v e n . 
( a ) P u r e T o r s i o n a l . L o a d 
T h e s h e l l p r o b l e m c o n s i d e r e d i s E x a m p l e 1 o f C h a p t e r I V . T y p e 
o f s t i f f e n i n g i s R S - R S a n d Z = 2000. MG = .05 i n . 
T h e d e s i g n s t e p s a r e l i s t e d i n C h a p t e r I I I . 
F r o m T a b l e F I , ce = 4o, ce = 79 
x J 
X = • 
x x = .41533, = .16921 
W = 1.65597, n = 2 
C a l c u l a t e t h e s t r e s s i n t h e s k i n . 
i 
o =-f- = 7,538.50864 p s i . 
^ s k 
T h i s s t r e s s i s l e s s t h a n t h e y i e l d s t r e s s i n t h e s k i n m a t e r i a l . 















S x " y 
A x x 
w n 
20.0 110.0 .47928 .67030 2.29006 2 
20.0 130.0 .37932 .57279 2.06847 2 
20.0 150.0 .31870 ..48462 1.90149 2 
30.0 80.0 .63502 .28469 2.03210 2 
30.0 90.0 .56502 .29936 1.97001 2 
30.0 100.0 .45745 .35477 1.91149 2 
30.0 110.0 .4l809 .334o6 1.84407 2 
30.0 120.0 .4oooo .29785 1.78313 2 
30.0 130.0 .43389 .22704 1.74171 2 
30.0 iko.o .30938 .29474 1.67795 2 
4o.o 6o.o .40947 .31328 1.81107 2 
ko.o 70.0 .48326 .14226 1.70196 3 
ko.o 8o.o .56579 .07l4o 1.71506 3 
ko.o 90.0 .36924 .2o4o3 1.64333 2 
ko.o 100.0 .34758 .19620 I .61023 2 
ko.o 110.0 .384oo .12010 1.56570 2 
50.0 20.0 .60556 .24163 1.95073 5 
50.0 30.0 .47741 .22137 1.78418 4 
50.0 ko.o .46596 .13420 1.67350 4 
50.0 50.0 .42256 .11103 1.59880 4 
50.0 60.0 .36075 .12850 1.54904 3 
( C o n t i n u e d ) 
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T a b l e F I . ( C o n t i n u e d ) 
a 
X " y ~ X xx w n 
50.0 70.0 .327̂ 6 .12439 1.50707 3 
60.0 10.0 .66505 .03678 2.01204 8 
60.0 20.0 .47585 .16637 1.72071 6 
60.0 30.0 .37380 .15031 1.58816 5 
60.0 ho.O .30092 .16332 1.52097 4 
38.0 77.0 .58504 .09472 I.76283 3 
38.0 79.0 .45598 .17467 1.70996 2 
38.0 80.0 .46084 .16390 1.70109 2 
38.0 83.0 .45523 .16125 I.69182 2 
38.0 87.0 .46ll8 .13810 1.67251 2 
38.0 90.0 .44008 .15829 1.67149 2 
38.0 93.0 .42934 .16272 1.66442 2 
38.0 97.0 .41007 .1744o 1.65590 2 
38.0 100.0 .44134 .12677 1.63753 2 
39.0 72.0 .55838 .10678 1.74644 3 
39.0 75.0 .43134 .19925 1.70765 2 
39.0 78.0 .44978 .14947 1.67248 2 
39.0 82.0 .43924 .15304 1.66466 2 
39.0 86.0 .40724 .19091 I.67125 2 
39.0 90.0 .44587 .11771 1.63245 2 
4o.o 72.0 .44869 .15̂ 67 1.6793̂  3 
ho.0 7̂ .0 .43570 .15671 1.66482 CO 
ko.O 76.O .45188 .13869 1.66275 3 
hO.O 78.0 .40744 .18950 1.66989 2 
ho.o 79.0 .41533 .16921 1.65597 2 
hO.O 82.0 .43504 .12798 1.63183 3 
hl.O 66.0 .45739 .16217 1.69505 3 
( C o n t i n u e d ) 
I l l 
T a b l e F I ( C o n t i n u e d ) 
OF 
X y X X X Vy W n 
4l.O 68.0 .63784 .14725 1.66904 3 
4 i . o TO.o .47368 .13307 1.68087 3 
kl.O 72.0 .44852 .14197 1.66266 3 
kl.O 74.0 .57643 .06477 1.71956 3 
4 2 . 0 62.0 .42514 .19361 1.69437 3 
4 2 . 0 6 4 . 0 .47280 .14345 1.68932 3 
4 2 . 0 66.0 A5957 .1^335 1.67660 
on 
42.0 68.0 .50704 .10276 1.68431 3 
42.0 70.0 .49982 .10139 1.67468 3 
43.0 6 4 . 0 .43111 .15876 1.66195 on 
43.0 66.0 .45471 .13060 1.65684 3 
43.0 68.0 .40239 .16361 1.63518 3 
1 1 2 
On t h e " b a s i s o f m i n i m u m t h r e e r i n g s , I = 2 5 i n . 
F o r fcr I > ICT I a n d JL > A we m u s t h a v e 
c r 
n E
 0 h 2 + > 7 , 5 3 8 . 5 0 8 6 4 . S u b s t i t u t i n g f o r E , h a n d I 
1 2 ( l - v 2 ) L C CJ 7 x y 
a n d s o l v i n g t h e a b o v e , o n e g e t s 
j l < 4 . 6 6 0 5 3 ( F l ) 
- X . 
A d o p t i n g 1 2 0 s t r i n g e r s , I = 4 . 4 5 0 6 O 8 3 . 
X Xxxlx 
A l s o f o r MG = . 0 5 o n t a n d t w e m u s t h a v e > . 0 5 a s w e l l a s 
Y . 8 9 1 1 a x 
X I 
— 7 7 7 > . 0 5 , i . e . , I > 4 . 2 9 0 5 6 a n d I > 2 0 . 7 9 9 3 0 ( F 2 ) 
. 8 9 1 1 a X y 
w h i c h a r e s a t i s f i e d . 
C h e c k f o r p a n e l b u c k l i n g l o a d g i v e s 
= 3 1 9 9 . 0 9 8 , U p = 72 
;. P B = 4 1 8 . 5 3 8 / 3 1 9 9 . 0 9 8 = . 1 3 0 8 3 . 
W i t h t h e v a l u e s o f - t x a n d £ a d o p t e d , o n e g e t s 
a = 8 2 4 4 . 4 1 5 4 1 p s i 
x y s k 
c r 
SB = rj / a = . 9 1 4 3 7 
x y s k x y s k 
c r 
F i n a l y z i n g a l l r e m a i n i n g d i m e n s i o n s , 
d = h S = 2 . 2 2 1 1 3 , d = h i = 4 . 3 8 6 7 3 
~M,. M J J 
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x t K l 
t =
 x x x
 = .05186 , t = * x y = .06009 
x .8911 i x y .8911 * y 
W e i g h t o f t h e s t i f f e n e d s h e l l = 2 n R L h p W = 496.OO6358. 
I t i s o b v i o u s f r o m t h e a b o v e s t e p s t h a t t a n d ^ c a n b e c h a n g e d 
o r a d j u s t e d w i t h i n t h e b o u n d s g i v e n b y ( F l ) a n d ( F 2 ) t o s a t i s f y a l l t h e 
r e q u i r e d c o n s t r a i n t s o n P B a n d S B . F u r t h e r m o r e , t h e d e s i g n e r c a n m o v e 
t o a n o t h e r p o i n t i n q- - a s p a c e e i t h e r h a v i n g t h e s a m e v a l u e o f W o r 
x y 
v e r y n e a r l y s a m e v a l u e a n d s t i l l s a t i s f y a l l t h e c o n s t r a i n t s b y f o l l o w ­
i n g t h e a b o v e s t e p s . T h i s a m p l y p r o v e s t h a t t h e m i n i m u m w e i g h t d e s i g n 
i s n o t u n i q u e . 
( b ) T o r s i o n C o m b i n e d w i t h A x i a l C o m p r e s s i o n 
T h e s h e l l p r o b l e m i s E x a m p l e 3 o f C h a p t e r XV. T y p e o f s t i f f e n i n g 
i s T S - R R ( k = 0.3, C = 1.079, C = 1.0) a n d Z = 2 2 2 1 . MG = .05. 
x x y 
S e e C h a p t e r I I I f o r t h e d e s i g n s t e p s . 
h = i!o^i = .05000 
F o r t h i n r i n g t h e o r y t o h o l d t r u e , a m u s t b e l e s s t h a n 
* L 2 Oh 1 + C f y k y J 
A s a l a r g e n u m b e r o f d a t a a r e g e n e r a t e d f o r e a c h p o i n t i n o -̂cy 
s p a c e b y t h e p r o g r a m 'OPTIMUM' o f S t a g e 2 f o r t h e d e s i g n p r o c e d u r e t o 
b e c o m e h i g h l y a u t o m a t e d , o n l y f e w p o i n t s h a v e b e e n d e m o n s t r a t e d i n t h e 
d e s i g n c h a r t o f T a b l e F 2 i n o r d e r t o s a v e s p a c e . 
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2,490.0 p s i 
34,690 p s i 
21,518.0 p s i 
1.6o4 (MG c o n s i d e r a t i o n 
I - A n y v a l u e ( f r o m t h e c o n d i t i o n t h a t 
y m a x 
Kx I > lCTxx J) 
s t f s t 
c r 
I = 8.802 i n (MG c o n s i d e r a t i o n o n t ) 
y m i n y 
d W x = . 6 5 7 3 8 , b f x = . 1 9 7 2 1 
t ^ = .04986 , d f x = .07368 
B a s e d o n t h e a b o v e d a t a a n d a p p l y i n g v o n M i s e s - H e n c k y y i e l d 
c r i t e r i a w e s e e t h a t y i e l d i n g o f t h e s k i n m a t e r i a l d o e s n o t t a k e p l a c e . 
A l s o t h e r e i s n o y i e l d i n g o f t h e s t i f f e n e r m a t e r i a l s . W i t h i n t h e b o u n d s 
a s i n d i c a t e d a b o v e w e a d o p t 
cvx = 15.0 , oty 
X x x = . 4 7 4 8 5 , X y y = 
w = 1.80271 , n = 
\ 9 I = 35,511.0 p s i , \a I = 
x x s k Y 7 ^ 
a = 8,370.3 p s i , CT 
* s k s t 
«T = 9,229.0 p s i , S y 
I = 1.600 i n . , I 
X X 
m a x ' m i n 
T a b l e F2. D e s i g n C h a r t f o r E x a m p l e 3 w i t h T S - R R . 





y x y CTxysk 
.33 2221.000 300 000 1.079 1.000 .31530E-6 8370.300 
*x y Xxx w n ' ^ s k ' K x J s t CTyyr S y 
10.0 8o.o .58401 .39940 2.10359 6 33060 3376 31946 7533 20024 
10.0 85.0 .55227 .41925 2.09025 6 33787 3567 32609 7582 20363 
15.5 55.0 .51541 .31917 1.93658 7 34574 3009 33581 8400 20901 
12.5 60.0 .55917 .19933 1.85120 7 33434 2017 32769 9016 20532 
12.5 65.0 .55572 .16119 1.80452 7 33471 1692 32913 9354 20630 
l4 .0 50.0 .46519 .27785 1.83384 8 35794 2808 34868 9005 21593 
i4 .o 52.0 .42953 .29099 I.80857 • 36755 2986 35770 9143 22063 
1 4 . 0 54.0 .41306 .29114 1.79026 7 37211 3024 36213 9256 22297 
15.0 45.0 .44693 .30481 1.84360 8 36297 3053 35290 8925 21804 
15.0 47.5 .47485 .24o44 I .80271 8 35511 2490 34690 9229 21518 
15.0 48.0 .42867 .27131 1.78552 8 36762 2831 35827 9300 22102 
15.0 49.0 .45336 .23599 1.77360 8 36066 2492 35244 94io 21812 
15.0 50.0 .39053 .28073 1.75330 8 37884 2992 36857 9497 22643 
16.0 45.0 .4i6l8 .26687 I.76652 8 37103 2822 36172 9422 22287 
16.0 47.0 .43646 .22212 1.73906 8 36505 2404 35712 9643 22067 
17.5 30.0 .64748 .37980 2.15282 8 31708 3127 30676 7337 19375 
17.5 35.0 .43191 .37783 I.90870 8 36758 3612 35566 8518 21921 
( C o n t i n u e d ) 















b f x 
t 
w x 
10.0 80.0 1.660 .869 y V ,v A A A 8.924 .43826 .13148 .09534 .09534 .01807 
10.0 85.O 1.640 .919 VTA AT 9.033 .43826 .13148 .08918 .08918 .02115 
12.5 55.0 1.620 1.231 ,y ,y ,y A A A 7.678 .54782 .16435 .06582 .06582 .04926 
12.5 60.0 1.650 1.135 T V A A 13.411 .54782 .16435 .07262 .07262 .04586 
12.5 65.O 1.650 1.142 rTTk A 17.967 .54782 .16435 .07213 .07213 .04611 
i4.o 50.0 1.593 1.528 • V , V V . A A A 8.018 .61356 .18407 .05213 .05213 .06597 
i4.o 52.0 1.572 1.655 \ / v \ / A A A 7.962 .61356 .18407 .04750 .04750 .06828 
i4.o 54.0 1.562 1.721 A A A 8.264 .61356 .18407 .04540 .0454o .06933 
15.0 45.0 1.580 1.704 V/ V/ V/ A A A 6.578 .65738 .19721 .04642 .04642 .07540 
15.0 47.5 1.600 1.6o4 A, A A 8.812 .65738 .19721 .04986 .04986 .07368 
15.0 48.0 1.572 1.776 • V . V . . V A A A 7.883 .65738 .19721 .04424 .04424 .07649 
15.0 49.0 1.587 1.679 A A A 9.251 .65738 .19721 .04724 .04724 .07499 
15.0 50.0 1.550 1.950 y y , ,y A A A 7.936 .65738 .19721 .03972 .03972 .07875 
16.0 45.0 1.565 1.952 • V . V . V A A A 7.513 .70121 .21036 .04008 .04008 .08514 
16.0 47.0 1.577 1.861 • V . Y , . V i A A A 9.428 .70121 .21036 .04238 .04238 .08399 
17.5 30.0 I.690 1.372 \ / V V A A A 3.519 .76695 .23008 .06167 .06167 .08421 
17.5 35-0 1.570 2.057 y y , . y A A A 4.127 .76695 .23008 .03821 .03821 .09594 
* * * S h o w s t h a t £ c a n h a v e a n y v a l u e t o s a t i s f y t h e r e q u i r e d c o n s t r a i n t . 
y m a x 
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N o . o f s t r i n g e r = 332 , s o t h a t I = I.60865 i n . 
N o . o f r i n g s = 11 , g i v i n g t = 9•09091 i n . 
N o t e t h a t t h e l i m i t £ (= 1.600 i n . ) i s b a s e d o n t h e s e l e c t i o n o f 
m a x 
t h e f a c t o r k a n d s o i s n o t r i g i d l y a d h e r e d t o . C l e a r l y , w i t h a 
d i f f e r e n t v a l u e o f k „ t h e l i m i t JL w i l l b e d i f f e r e n t . tx x 
m a x 
B y f e e d i n g t h e a b o v e v a l u e s i n t h e p r o g r a m 'CHECK' o f S t a g e 2, 
o n e g e t s , 
W p = 8,717.950 l b / i n , P B = .04801 
cr = 225,660.0 p s i , STWB = .15372 
stw 
c r 
cr = 1835,600.0 p s i , STFB = .01889 
s t f 
c r 
|cr I = 8,771.3 p s i , SB = .95428 
x y s k 
c r 
n = 30 . 
P 
O n c e a g a i n i t i s o b v i o u s t h a t ^ a n d / o r ^ c a n b e c h a n g e d / 
a d j u s t e d w i t h i n t h e b o u n d s a s f o u n d f r o m p r o g r a m 'OPTIMUM' a n d s t i l l 
a l l t h e r e q u i r e d c o n s t r a i n t s w i l l b e s a t i s f i e d . A l s o t h e d e s i g n e r h a s 
t h e f r e e d o m t o m o v e t o a n o t h e r p o i n t i n ^ - & s p a c e h a v i n g t h e s a m e 
x y 
o r v e r y n e a r l y s a m e v a l u e o f W a n d s t i l l c a n s a t i s f y a l l t h e c o n s t r a i n t s 
b y f o l l o w i n g t h e a b o v e s t e p s . O n c e a g a i n t h i s c o n f i r m s t h a t t h e m i n i ­
mum w e i g h t d e s i g n i s n o t u n i q u e . 
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APPENDIX G 
COMPUTER PROGRAMS 
T h e t w o c o m p u t e r p r o g r a m s , OPTIMUM a n d CHECK a l o n g w i t h t h e 
a s s o c i a t e d s u b r o u t i n e s , d e v e l o p e d f o r t h e c o m b i n e d l o a d c a s e s a r e 
g i v e n h e r e . OPTIMUM i s t h e m a i n p r o g r a m w h i c h f i r s t f i n d s a s o l u t i o n 
f o r t h e a x i a l c o m p r e s s i o n w i t h t h e h e l p o f t h e S u b r o u t i n e s FKXYS, P Q S B , 
NPATR, FUNCTION F F , START a n d SUMR. T h e n i t s e e k s a n o p t i m u m s o l u t i o n 
f o r t h e c o m b i n e d l o a d s b y e m p l o y i n g t h e S u b r o u t i n e s START, SUMR, LAGRAN, 
B B B , I O E , FUNCTION F , E I G E N , ACV a n d K S . I t a l s o c a l c u l a t e s t h e 
s t r e s s e s i n t h e s k i n a n d s t i f f e n e r s a n d s h o w s t h e b o u n d s o n t h e 
s p a c i n g s o f t h e s t i f f e n e r s i n o r d e r t o s a t i s f y s o m e o f t h e c o n s t r a i n t s . 
T h e f i n a l p r o g r a m CHECK f i n d s t h e p a n e l i n s t a b i l i t y l o a d , N a n d 
•^cr 
c h e c k s f o r t h e s a t i s f a c t i o n o f t h e c o n s t r a i n t s w i t h t h e h e l p o f t h e 
s u b r o u t i n e s B B B , I O E , FUNCTION F , E I G E N a n d ACV. C o m m e n t c a r d s h a v e 
b e e n p u t i n t h e s e p r o g r a m s a n d s u b r o u t i n e s t o d e f i n e t h e i r p u r p o s e s . 
T h e p r o g r a m h a s b e e n w r i t t e n i n s u c h a w a y t h a t b y r e m o v i n g t h e c o m m e n t s 
f r o m d e s i r e d l i n e s a n d a d d i n g f r o m t h e u n d e s i r e d o n e s , a l l t y p e s o f 
s t i f f e n e r s ' g e o m e t r i e s t h a t h a v e b e e n c o n s i d e r e d i n t h i s w o r k c a n b e 
a n a l y z e d . 
P e r t i n e n t p r o g r a m v a r i a b l e s a n d t h e c o r r e s p o n d i n g m a t h e m a t i c a l 
n o t a t i o n s a r e g i v e n b e l o w . T h e v a r i a b l e s d e f i n e d i n t h e p r o g r a m h a v e 
b e e n o m i t t e d h e r e . 
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P r o g r a m 
V a r i a b l e 
A L 
M a t h e m a t i c a l 
N o t a t i o n 
A L F A , BETA, GAMA 
C X , C Y 
E X B , E Y B 









x ' y 
e , e 
x ' y 







P r o g r a m 









M a t h e m a t i c a l 
N o t a t i o n 
x x s k 
y y s k 
N 





w c r 
' x x s t 
f c r 
' x y 
s k 
c r 
PROGRAM * OPTIMUM' 
T H I S PROGRAM M I N I M I Z E S THE COMPOSITE WEIGHT FUNCTION ( F I 
BY SOLVING FOR AXIAL COMPRESSION ALONE r AND THEN FOR THE 
LOADS) BY THE ' F L E X I B L E POLYHEDRON TYPE OF S I M P L E X ' METH 
5 C ALP =APPLTED LOAD PARAMETFR (TORSIONAL) 
6 C ALX rNONDIMENSIONAL RADIUS 0^ GYRATION OF STRINGER 
7 C AL Y =NONDIMENSIONAL RADIUS OF GYRATION OF RING 
0 C B =BETA FOR CIRCUMFERENTIAL. WAVES 
9 C CFX =STRINGER FLANGE-WEB THICKNESS RATIO 
10 C CFY =RING FLANGE-WEB THICKNESS RATIO 
11 C E =YOUNG'S MODULUS 
12 C FCX --STRINGER FLANGE-WIDTH RATIO 
13 C FCY =RING FLANGE-WIDTH RATIO 
in C GJ = ( K S - B A R ) C R 
15 C H =SKTN THICKNESS 
16 C SAI = R A T I 0 OF PRESSURE TO AXIAL LOAD C O E F F I C I E N T S 
17 C STEP = I N I T I A L STEP S I 7 E 
10 C S U M ( I N ) = COMPOSITE WEIGHT FUNCTION 
19 C U = ° O I S S O N » S RATIO 
2 0 C WP =W-BAR (WEIGHT PARAMETER) 
2 1 C mt) =ARRAY OF I N I T I A L GUESSES 22 C X ( l ) =LAMDA XX BAR 
1 2 0 
23 C tip) =LAMDA YY BAR 24 c X(3) =LAGRAMGE MULTIPLIER FOR AXIAL COMPRESSION 25 c X(4) rLAGRANGE MULTIPLIER FOR COMBINED LOAD 26 c XKR =AXIAL LOAD COEFFICIENT , (KXX)BAR 27 c 7 =CURVATURE PARAMETER 28 c Ut\ -l MEANS A SOLUTION FOR AXIAL COMPRESSION IS DESI RED 29 c NN 2̂ MEANS NO SOLUTION FOR AXIAL COMPRESSION IS DES IRED 30 DIMENSION XI (J 0 t10)» X(10),SUM(10) 31 COMMON/CN1/X11NX»STEP»K1,SUM »IN 32 COMMON/CN2/ALX»ALY»CX»CY»U,X,Z»XKB tSAI 33 C0'/.M0'l/CN3/HfGJ,N 34 COMMON/CN4/ALP 35 C0MM0M/CM7/PRL 36 C0MM0M/CN8/FCX1,FCY1,TX1,TX2,TY1,TY2 37 C0MM0N/CN9/EXR ,EYB 38 COMMON/CN20/AALP 39 C0MM0N/CN21/NN '4 0 COMMON/CN4 0/XSI 41 COMMON/PPQ/MID 
m COMMON/AAB/viTS (30) »KE»MW(250> »121 , VM1 ( 250 ) ,VM2(250) 43 COMMON/XX11/XNY 44 DATA/ANB,ANBXY,PRL,ALP,AALP/2700.»418.538t2,67036, 3.15 3E-7« U5 12.0339855E-6/ 46 c DATA/ANB ,ANBXY,PRL ,ALP,AALP/800. ,125., 1.031006,0.01862 3E-7, 47 c 11.191941E-8/ 48 101 PORMAT(1X,2F6.1,P8.5,F11.3»2F8.5,I3,1X,F8.0,F7.0,F8.0, F7.0,F8.0, 49 1F7»4,1X,F10.5,I4,216,17) 50 110 FORMAT() 51 201 FORMAT(1H1•35X »'GENERAL INSTABILITY OPTIMIZATION'//) 52 205 FORMAT(/8X t 'NU'»5X»'CX* »5X,'CY',7X,' Z * ,6X,»CFX* ,4X,'CF Y'»4X, 53 l'KS',5X,'KR',7X,• ((NXY)BR)SR» ,7X,• (KXX)BR',9X,'SXYSK') 54 207 FORMAT(6X,F5.3,F6.3,F7.3,3X,F8.1,4F7.4,E15.6,6X,E11.7, F12.1//) 55 209 FORMAT(4X,'ALX' ,3X,•ALY',3X,•WB',6X,' (KSB)CR',4X,'X(l) 
56 1'X(2)•, 3X, »N» ,4X,'SXXSK' ,2X, * SY/SK»,4X,'SXXST', 3X ,'SYY R'rIX, 57 2'VMSXYSK',IX,'MAX LX» ,3X,'WPSTAR* »3X,'11•,4X,'MS•,4X,• MP',6X, »M»/) 58 210 FORMAT(4X, »ALX',3X,'ALY',4X,'WB(COMP)» ,4X,• (KXB)CR',4X , * XYZ» , 59 14X,'YZX',4X»'WR(STAR)• ,4X,'DIFFR *,4X,'KI',3X,'ONLY COM PRESSION'/) 60 211 FORMAT(7X,'DWX' »5X? »TWX» ,5X,'TFX',5X,•BFX•,5X,'DFX',4X 
f 
61 
l'MIN LX(.03)',2X,'MIN LY(.03)',5X,»MAX LY«,13X,«MIN LX 
(G=.02)', 62 2'IX, 'MIN LY(G=.02) » //) 63 216 F0RMAT(2X,5F8.5,2F13.5,4X,F9.5,13X,F13.5,4X,F13.5 /) 64 555 FORMAT(1X,2F6.1,F12.5,F11.0,2F8.5,F11.5,IX,E10.5,1 3) 65 WRITE(6»201) 66 NX = 2 67 STEP=0.1 68 U=0.33 
1 2 1 
6 9 F = 0 . 1 0 5 E + 8 
70 R F A O ( 5 , 1 1 0 ) 2 
7 1 C 7.-2221. 
72 H = 9 4 3 9 . 8 / ( 8 5 . * Z ) 
7 3 C SAI TS THE C O E F F I C I E N T FOR LATERAL PRESSURE LOADING CO 
* R / U B ) 
74 S A I = 0 . 
7 5 C S A I = ( 1 4 . 7 * 8 5 . ) / 2 7 0 0 . 
76 C XNY I S N Y Y ( = Q * R ) 
7 7 X N Y = 1 4 , 7 * 8 5 . 
7 8 XKB=< 1 2 . * 2 7 0 0 . * ( Z * * 3 ) * ( 8 5 . * * 3 ) > / ( ( 3 . 1 4 1 6 * * 2 ) * 0 . 9 4 3 9 8 * ( 
1 0 0 . * * 4 ) 
7 9 1 * ( 1 0 . 5 * ( 1 n . * * 6 ) ) ) 
8 0 C X K B = ( 1 2 . * 8 0 0 . * ( 7 * * 3 ) * ( 9 5 . 5 * * 3 ) ) / ( ( 3 . 1 4 1 6 * * 2 ) * 0 , 9 4 3 9 8 * ( 
2 9 1 , * * 4 ) 
8 1 C 1 * ( 1 0 . 5 * ( 1 0 . * + 6 ) ) ) 
8 2 C H = 8 3 7 . 0 3 8 3 1 8 / Z 
8 3 SKSXY=ANBXY/H 
84 X S T = 1 . / ( 2 . * P R L ) 
8 5 C F X = 1 . 
8 6 C F Y = 1 . 
8 7 F C X = 0 . 3 
8 8 F C Y = 0 . 
8 9 C X = ( 1 . 0 + 2 . 0 * C F X * F C X ) / S O R T ( 1 . 0 + 4 . 0 * C F X * F C X ) 
9 0 C Y = ( l . n + 2 . 0 * C F Y * F C Y ) / S Q R T ( 1 . 0 + 4 , 0 * C F Y * F C Y ) 
9 1 C FOLLOWING CX AND CY ARE FOR I » Z tC SECTIONS 
9 2 C C X - S Q R T ( ( 1 , + ? . * C F X * F C X ) / ( 1 , + 6 . * C F X * ^ C X ) ) 
9 3 C C Y = S O R T ( ( l . + 2 . * C F Y * F C Y ) / ( l . + 6 . * C F Y * F C Y ) ) 
94 C FOLLOWING CX AND CY ARE FOR "A-SECTTONS" 
9 5 C C X = 1 . / S O R T ( 1 . + 4 . * C F X * F C X ) 
9 6 C C Y - 1 . / S O R T ( 1 . + 4 . * C F Y * F C Y ) 
9 7 C FOLLOWING ARE FOR HAT SECTIONS 
9 8 C F C X 1 = 1 , 
9 9 C F C X 2 = 0 . 2 
100 C F C Y 1 = 1 . 
1 0 1 C F C Y 2 = 0 . 
1 0 2 C T X 1 = 4 . + 4 . * F C X 1 + 3 . * F C X 2 
103 C T X 2 = 3 . * ( F C X l * * 2 ) + 4 . * F C X l + 8 . * F C X 2 + 1 2 . * ( F C X 2 * * 2 ) + 2 . 
104 C T Y 1 = 4 . + 4 . * F C Y 1 + 3 . * F C Y 2 
1 0 5 C T Y 2 = 3 . * ( F C Y l * * 2 ) + 4 . * F C Y l + 8 . * P C Y 2 + 1 2 . * ( F C Y 2 * * 2 ) + 2 . 
106 C X D X 1 = 6 . * F C X 1 * * 2 + 8 . * F C X 1 + 1 6 , * F C X 2 + 2 ' 4 . * F C X 2 * * 2 + 4 . 
1 0 7 C Y D Y l = 6 . * F C Y l * * 2 + 8 . * F C Y l + 1 6 . * F C Y 2 + 2 4 . * F C Y 2 * * 2 + 4 . 
1 0 8 C C X = 2 . * (FCX1 + 1 . ) /SQRT(XDX1. ) 
1 0 9 C C Y = 2 . * ( P C Y 1 + 1 . ) / S Q R T ( Y D Y l ) 
110 W R T T E ( 6 > 2 0 5 ) 
1 1 1 W R T T E ( 6 ^ 2 0 7 ) U , C X , C Y » Z , C F X , C F Y » P C X t F C Y t A L P r X K B » S K S X Y 
1 1 2 W R I T E ( 6 , 2 1 0 ) 
1 1 3 W R I T E ( 6 # 2 0 9 ) 
114 W R I T E ( 6 * 2 1 1 ) 
1 1 5 C ORDER OF DETERMINANT I S DECIDED BELOW FROM CONVERGENCE 
116 R E A D ( 5 r 1 1 0 ) K E 1 » K E 2 
1 1 7 K E = K E 2 - K E 1 + 1 
1 1 8 1 2 = 0 
119 DO 2 0 0 I 1 = K E 1 , K E 2 
1 2 0 1 2 = 1 2 + 1 
1 2 1 2 0 0 M I S ( I 2 ) = I 1 
1 2 2 C GUESS STARTING VALUE OF X ( l ) AND X ( 2 ) . 
1 2 3 X ( l ) = 0 . 2 
124 X ( 2 ) = 0 . 1 
125 X ( 3 ) = 1 0 . * * 5 
1 2 2 
126 X ( 4 ) = L . 
127 READ<5»110)ALX»ALY 
128 121=0 
129 C NN=1 MEANS SOLUTION FOR AXIAL COMPRESSION REQUIRED 
130 NN=1 
131 E X R = - ( ( ( 3 . 1 4 1 6 * * 2 ) * ( 1 . 0 - U * * 2 ) * * 0 . 5 ) / ( 2 . 0 * Z ) ) * ( 1 . 0 + C X * A 
LX3 
132 F Y R = - ( ( ( 3 . 1 4 1 6 * * 2 ) * ( 1 . 0 - H . ) * * 2 ) * * 0 . 5 ) / ( 2 . 0 * Z ) ) * ( 1 . 0 + C Y * A 
LY) 
3 3 3 F G 2 = 1 . + ( X « 1 ) + X ( 2 ) ) / ( L . ~ U * * 2 > 
134 CALL FKXYS(X(1),X(2)»ALX,ALY•CX»CY,U•Z•XSI,FKXX) 
135 PKKT=FKXX/(Z*Z) 
136 FNS=AALR»*Z 
137 6 1 5 FG1 = X(3)*(' :-"'KKT-FNS)**2 
138 FFIL=FGL/FG2 
139 IF(FGL.GE.L.)GO TO 143 
140 X ( 3 ) = X ( 3 ) * 1 0 , 
14 1 GO TO 6 1 5 
142 143 IF(FG1,LE.50 . )GO TO 145 
143 X ( 3 ) = X ( 3 ) / 1 0 . 
144 GO TO 6 1 5 
145 145 XTNF=X(3) 
146 GO TO 501 
147 100 X ( 1 ) = 1 . 3 * X ( 1 ) 
148 X ( 2 ) = 1 . 5 + X ( 2 ) 
149 I F ( X ( 1 ) . G E . 1 0 . . A N D . X ( 2 ) • G E . 7 . ) G O TO 777 
150 GO TO 666 
151 777 WRT. TE (6 • 678 ) ALX »ALY» X ( 1 ) • X (2 ) 
152 678 FORMAT(IXt'NO SOLUTION TS POSSIBLE FOR A L X = • t F 8 . 1 t 5 X t • 
A L Y s ' r 
153 1F8 .1 ,5X» »X(1) = • r F 6 . 3 » 3 X , ' X ( 2 ) = ' , F 6 . 3 ) 




158 X ( L ) = 0 . 2 
159 X ( 2 ) = 0 . 1 
160 E X B = - ( ( ( 3 . 1 4 1 6 * + 2 ) * ( 1 . 0 - U * < 2 ) * * 0 . 5 ) / ( 2 . 0 * Z ) ) * ( 1 . 0 + C X * A 
LX) 
161 E Y B = - ( ( ( 3 . 1 4 1 6 * * 2 ) * ( 1 . 0-U**2 ) **0 . 5 ) / ( 2 . 0*7.))*(1.0+CY*A 
LY) 
162 501 X(3)=XINF 
163 559 KT=0 
164 C ALFA/ BETA AND GAMA ARF REFLECTION* CONTRACTION AND EX 
PANS!ON INDICES. 
165 ALFA--1.0 






172 K4"UX + 'i 
173 CALL START 
174 DO 3 1=1RKL 
175 DO 4 J=1,MX 
176 4 X(J)=X1(I H i ) 
111 IN=I 
178 CALL SUMR 
179 IF(MID »EO•1)GO TO 100 
123 
180 3 CONTINUE 
181 K 5 - 0 
182 6 3 11 = 0 
1 8 3 K 5 = K 5 + 1 
184 28 1 1 = 1 1 + 1 
1 8 5 C SELECT LARGEST VALUE OF S U M ( I ) I N S I M P L E X . 
1 8 6 6 0 SUMH=SUM(1) 
187 I M D E X s l 
188 DO 7 T=2»K1 
189 I F (SUM (1" ) .LE .SUMH ) GO TO 7 
190 SUMH=SUM( I ) 
191 I N D E X = I 
1 9 2 7 CONTINUE 
1 9 3 C SELECT MINIMUM VALUE OF S U M ( I ) I N S I M P L E X . 
194 SUML=SUM(1) 
195 KOUNT=l 
1 9 6 DO 8 I = 2 » K 1 
197 I F ( S U M L . L E . S U M ( I ) ) G O TO 8 
198 S U M L = S U M ( I ) 
1 9 9 KOUNT=I 
2 0 0 8 CONTINUE 
2 0 1 C F I N D CENTROTD OF POINTS WITH I D IFFERENT THAN I N D E X . 
2 0 2 DO 9 J = 1 , N X 
2 0 3 S U M 2 = 0 . 0 • 
2 0 4 DO 10 I = l r K l 
2 0 5 10 S U M 2 = S U M 2 + X 1 ( I , J ) 
2 0 6 X I ( K 2 » J ) = 1 . 0 / X N X * ( S U M 2 ~ X l ( I N D E X tJ) ) 
2 0 7 C F I N D REFLECTION OF HIGH POINT THROUGH CENTROID . 
2 0 8 X I ( K 3 » J ) = ( 1 . 0 + A L F A ) * X 1 ( K 2 » J ) - A L F A * X 1 ( I N D E X » J ) 
2 0 9 I F ( X I ( K 3 , J ) . L T . 0 . 0 ) X 1 ( K 3 . J ) = 0 . 0 
2 1 0 9 X ( J ) = X 1 ( K 3 r J ) 
2 1 1 I N = K 3 
2 1 2 CALL SUMR 
2 1 3 I F ( M I D . E O . l ) G O TO 100 
2 1 4 I F ( S U M ( K 3 ) » L T . S U M L ) G O TO 1 1 
2 1 5 C SELECT SECOND LARGEST VALUE I N S I M P L E X . 
2 1 6 I F ( I N D E X . E O . 1 ) G O TO 38 
2 1 7 SUMS=SUM(1) 
2 1 8 GO TO 39 
2 1 9 38 SUMS=SUM(2) 
2 2 0 39 DO 12 I = 1 , K 1 
2 2 1 I F ( ( I N D E X - I ) , E O . 0 ) G O TO 12 
2 2 2 I F ( S U M ( I ) . L E .SUMS)GO TO 12 
2 2 3 SUMS=SUM( I ) 
2 2 4 12 CONTINUE 
2 2 5 I F (SUM ( K 3 ) ,GT .Sl JMS ) GO TO 13 
2 2 6 GO TO 14 
2 2 7 C FORM EXPANSION OF NEW MINIMUM I F REFLECTION HAS PRODUC 
ED ONE M I N I . 
2 2 8 11 DO 15 J-1rNX 
2 2 9 X I ( K 4 » J ) = ( 1 . 0 - G A M A ) * X 1 ( K 2 r J ) + G A M A * X l ( K 3 r J ) 
2 3 0 I F ( X 1 ( K 4 . J ) . L T . 0 . 0 ) X 1 ( K 4 » J ) = 0 . 0 
2 3 1 15 X ( J ) = X 1 ( K 4 • J ) 
2 3 2 I N = K 4 
2 3 3 CALL SUMR 
2 3 4 I F ( M I D . E 0 . 1 ) G O TO 100 
2 3 5 I F ( S U M ( K 4 ) . L T . S U M D G O TO 16 
2 3 6 GO TO 14 
2 3 7 13 I F ( S U M ( K 3 ) . G T . S U M H ) G O TO 17 
2 3 8 DO 18 J=1»NX 
124 
239 24 0 XIMUM. 24.1 24? 24 3 244 24 5 24 6 247 240 249 OLUTF MAX I 250 251 252 253 254 255 256 257 250 259 260 261 262 263 264 265 266 267 268 269 270 271 272 273 274 275 276 277 278 279 ON. 280 281 282 283 284 285 286 51 rFKXX) 287 288 289 290 291 292 293 294 
18 XI (INDEX,J)=X1(K3,J) 










D  19 J=l,NX XI (K4 »J)-BETA+X1(INDEX , J 5 + (1 •0-BETA)*X1(K2,J) IF(XI(K4,J) .LT.0.0JX1(K4,J) = 0.0 X(J)=X1(K4,J) IN=K4 CALL SUMR IF(MID.EQ.1)GO TO 100 IF(SUMH.GT.SUM(K4)GO TO 16 REDUCE SIMPLEX BY HALF WHEN REFLECTION PRODUCED AN ABS 
DO 20 J=1,NX DO 20 I=1,K1 XI(I,J)=0.5*(XltI,J)+X1(KOUNTrJ)) DO 29 1=1rKl DO 30 J=1,NX X(J)=X1(I,J) INS I CALL SUMR IF(MID.E0.1)GO TO 100 CONTINUE GO TO 26 DO 21 J=1,NX X1(INDEX,J)=X1(K4,J) X(J)=X1(INDEX»J) IN=INDEX CALL SUMR IF (MID.EQ.1)GO TO 100 GO TO 26 DO 22 J=1,NX XI. (INDEX-J)=X1 (K3,J) X(J)=X1(INDFX.J) IN=INDEX CALL SUMR IF (MID.EQ.1)GO TO 100 DO 23 J=l,NX X(J)=X1(K2,J) IN=K2 CALL SUMR IF(MID.EQ.1)GO TO 
25 
TO TERMINATE THE 
100 SEARCH , DIFER MUST BE LESS THAN EPSIL DIFER=0. DO 25 I=1,K1 DIFER-DIFER+(SUM(I)-SUM(K2)**2 DIFER=SQRT(1./(XNX+1.)+DIFER) IF(DIFER.GE.0.01.AND.II.LT.30)GO TO 28 IF(NN.EQ.2)G0 TO 800 
CALL FKXYS(X1 (KOUNT 11.) »XHK0UNT,2) t ALX » ALY,CX tC Y t U, Z t X 
IF(K5.GE.9)G0 TO 862 WWPsl . +(XI (KOUNT, D+Xl (KOUNT ,2) ) /( l.-U**2) EG.1=SUML-WWP EG2=ABS(EG1/X(3) A5=ARS(EGl/Wv;P) A6=ABS(SORT(EG2)/FNS) IF(A5.LT.0.001.ANO.A6.LT.0.001)GO TO 862 A8=10. 
12S 
2 9 5 I F ( K 5 . G T . 1 . A N D . A 6 . L T . 0 . 0 0 1 . A N D . A R S ( ( W W P - A 7 ) / W W P ) . LT , 0 . 
0 0 1 ) A 8 = 0 . 1 
2 9 6 A7=WWP 
2 9 7 I F ( A 6 . G T , 0 . 0 1 ) A 8 = 1 0 0 . 
2 9 8 K I = K T + I I 
2 9 9 DO 2 9 3 1 = 1 , 3 
3 0 0 DO 2 9 4 J = l , 2 
3 0 1 2 9 4 X ( J ) = X 1 ( T , J ) 
3 0 2 P P W D = 1 . + ( X ( 1 ) + X ( 2 ) ) / ( l . - U * * 2 ) 
30 3 2 9 3 S U M ( I ) = ( S H M ( I ) - D P W D ) * A 8 + P P W D 
304 X ( 3 ) = X ( 3 ) * A 8 
3 0 5 T K K F = F K X X / ( Z * Z ) 
3 0 6 GO TO 6 3 
3 0 7 8 6 2 K I = K I + I I 
3 0 8 XYZ=X1 (KOl INT t 1) 
3 0 9 YZX=X1(KOUNT t2) 
3 1 0 W B B = 1 . + ( X Y Z + Y Z X ) / ( 1 . - U * * 2 ) 
3 1 1 W R I T F ( 6 f 555 )ALX ,ALY»WBB , F K X X , XYZ,YZX »SUML»DIFFR r K I 
3 1 2 C O P T I M I Z A T I O N FOR AXIAL COMPRESSION COMPLETED HERE 
3 1 3 X ( 1 ) = 1 . 2 * X Y Z 
3 1 4 X ( 2 ) = 1 . 2 * Y 7 X 
3 1 5 6 6 6 I F ( X ( 4 ) . L T . 2 . ) G O TO 3 3 3 
3 1 6 C NN=2 MEANS SOLUTION FOR COMBINEDD LOAD TO PROCEED 
3 1 7 3 3 1 NN=2 
3 1 8 X ( 4 ) = Y I M F 
3 1 9 GO TO 5 5 9 
3 2 0 3 3 3 CALL L A G R A N ( S N F , Y I M F ) 
3 2 1 GO TO 3 3 1 
3 2 2 8 8 8 T F ( K 5 . G E »9)GO TO 7 6 2 
3 2 3 W P = 1 . 0 + ( X I ( K O U N T t1)+ X1(KOUNT r2) ) / ( 1 . 0 - U * * 2 ) 
324 FGG1 = S U M I _ - W P 
3 2 5 F G 6 2 = A B S ( F G G 1 / X ( 4 ) ) 
3 2 6 A 1 = A B S ( F G G 1 / W P ) 
3 2 7 A 2 = A B S ( S Q R T ( F G G 2 ) / S N F ) 
3 2 8 I F ( A l . L T . 0 . 0 0 1 . A N D . A 2 . L T . 0 . 0 0 D G O TO 7 6 2 
3 2 9 A 4 = 1 0 . 
3 3 0 I F ( K 5 . G T . 1 . A N D . A 2 . L T . 0 . 0 0 1 . A N D . A B S ( ( W P - A 3 ) / W P ) . L T . 0 . 0 0 
1)A'4 = 0 . 1 
331 A3=WP 
3 3 2 I F ( A 2 . G T . 0 . 0 1 ) A 4 = 1 0 0 . 
3 3 3 K I = K I + I I 
3 3 4 DO 1 9 3 I = l » 3 
3 3 5 DO 194 J = l , 2 
3 3 6 194 X ( J ) = X 1 ( I , J ) 
3 3 7 P W D = 1 . + ( X ( 1 ) + X ( 2 ) ) / ( l . - U * * 2 ) 
3 3 8 1 9 3 S U M ( I ) = ( S U M ( I ) - P W D ) * A 4 + P W D 
3 3 9 X ( 4 ) = X ( 4 ) * A 4 
3 4 0 F K K K T = G J / ( Z * * 2 ) 
3 4 1 GO TO 6 3 
3 4 2 7 6 2 K I = K I + I I 
3 4 3 BET=B 
3 4 4 X A = X 1 ( K O U N T t 1 ) 
3 4 5 X R = X 1 ( K O U N T , 2 ) 
3 4 6 C O P T I M I Z A T I O N FOR COMBINED LOAD COMPLETED HERE 
3 4 7 SXXSK= ( ( A N B / H ) * ( ( ( S A I / 2 . - 1 . ) * ( 1 . H X B - U * * 2 ) + U * S A I * X A ) / ( 
( l . + X A ) 
3 4 8 l * ( l . + X B ) - U * + 2 ) ) ) 
3 4 9 SYYSK= ( ( A M B / H ) * ( ( S A I * ( 1 . + X A ) - S A I * ( U * * 2 ) + U * X B * ( S A I / 2 . -
1 . ) ) / 
3 5 0 1 ( ( l . + X A ) * ( 1 . + X B ) - U * * 2 ) ) ) 
1 2 6 
351 STSXX= ( ( A N B * ( 1 . - U * * 2 ) / H ) * ( ( ( S A I / 2 . - 1 . ) * ( 1 . + X B ) - 1 J * S A I ) 
/ ( C l . + X A ) 
3 5 2 1 * ( l . + X B ) - U * * 2 ) 5 ) 
3 5 3 R S Y Y = ( A N B * ( 1 . - U * * 2 ) / H ) * ( ( S A I * ( 1 . + X A ) - U * ( S A I / 2 . - 1 . ) > / ( < 
1 , + XA ) 
3 5'4 i * ( l . + X B ) - U * * 2 ) ) 
3 5 5 V M S X Y ^ S Q R T ( ( S X X S K * * 2 + S Y Y S K * * 2 - S X X S K * S Y Y S K ) / 3 . + S K S X Y * S K 
SXY) 
3 5 6 C FOR A ROUGH ESTIMATE OF MAXIMUM LX VALUE SYYSK AND SXY 
SK ARE NEGLECTFD 
3 5 7 C CHANGE CONSTANT I N THE FOLLOWING EQUATION AS DESIRED 
3 5 8 X L M A X = 0 . 9 6 0 * H * S Q R T ( ( ( 3 . 1 4 1 6 * * 2 ) * E ) / ( 3 . * ( 1 . - U * * 2 ) * A B S ( S 
X X S K ) ) ) 
3 5 9 C FOLLOWING EXPRESSIONS ARE FOR TS-RR AS WELL AS AS-RR 
3 6 0 D W X = ( H * A L X * ( 1 , + C P X * F C X ) ) / S O R T ( 1 . + 4 . * C F X * F C X ) 
3 6 1 T W X = ( X L M A X * X A * H ) / ( D W X * ( 1 . - U * * 2 ) * ( 1 . + C F X * F C X ) ) 
3 6 2 TFX=CFX*TWX 
3 6 3 BFX=FCX*DWX 
364 C FOLLOWING DFX I S FOR T-STRINGER 
3 6 5 D F X = ( B F X - T W X ) / 2 . 
3 6 6 C FOLLOWING DFX I S FOR A-STRINGER 
3 6 7 C DFX=DWX-TFX 
3 6 8 T E S T = ( 1 2 . * ( 1 . - U * * 2 ) * D F X * D F X * A B S ( S T S X X ) ) / ( ( 3 . 1 4 1 6 * * 2 ) * E 
* T F X * T F X ) 
3 6 9 1 - 0 . 4 0 7 
3 7 0 C FOLLOWING EXPRESSIONS ARE FOR C S f Z S ' I S - R R 
371. C DWX=H*ALX*SQRT{ ( 1 . + 2 . * C F X * F C X ) / ( 1 . + 6 . * C F X * F C X) ) 
3 7 2 C TWX= (XLMAX*XA*H) / (DWX*( 1 . - U * * 2 ) * ( l . - i 2 . * C F X * F C X ) ) 
3 7 3 C TFX=CFX*TWX 
374 C BFX=FCX*DWX 
3 7 5 C D F X = B F X / 2 . 
3 7 6 C T E S T = ( 1 2 . * ( l . - U * * 2 ) * D F X * D F X * S T S X X ) / ( ( 3 . 1 4 1 6 * * 2 ) * E * T F X * 
T P X } - 0 . 4 0 7 
3 7 7 I F ( T E S T . L T . 0 . ) G O TO 2 1 4 
3 7 8 Y L M A X = ( 0 . 9 5 * D F X ) / S Q R T ( T E S T ) 
3 7 9 C FOLLOWING M O D I F I C A T I O N I N YLMAX I S FOR HR ONLY 
380 
\ 
C Y L M A X = Y L M A X + F C Y 1 * ( ( H * A L Y * ( F C Y 1 + 2 . + 2 . * F C Y 2 ) ) / S Q R T ( Y D Y 1 ) 
/ 
3 8 1 GO TO 2 1 5 
3 8 2 C FOLLOWING EXPRESSIONS ARE FOR HS-RR 
3 8 3 C D W X = ( H * A L X * ( F C X l + 2 . + 2 . * F C X 2 ) ) / S Q R T ( X D X 1 ) 
384 C TWX= ( XI ,M/ \X*XA*H) / (DWX* ( 1 . - U * * 2 ) * ( F C X 1 + 2 . + 2 . * F C X 2 ) ) 
3 8 5 C TFX=TWX 
3 8 6 C BFX=FCX1*DWX 
3 8 7 C DFX=BFX 
3 8 8 2 1 4 Y L M A X = 9 9 9 9 9 9 . 
3 8 9 C THE FOLLOWING I S FOR MINIMUM G A U G E = 0 . 0 5 WITH T -STRINGER 
3 9 0 
J _ 
2 1 5 X L M I N = ( 0 . 0 5 + M _ X * ( 1 . - U * * 2 ) * ( 1 . + C F X * F C X ) * * 2 ) / ( X A * S Q R T ( 1 . 
T 
3 9 1 1 4 . * C F X * F C X ) ) 
3 9 2 C FOLLOWING XLMIM I S FOR C » 2 » I - S T R I N G E R S 
3 9 3 C 2 1 5 X L M I N = ( 0 . 0 5 * A L X * ( l . - i j * * 2 ) * ( 1 . + 2 . * C F X * F C X ) * S Q R T ( 1 . + 2 . * C 
F X * F C X ) ) 
394 C 1 / ( X A * S Q R T ( 1 . + 6 . * C F X * F C X ) ) 
3 9 5 C FOLLOWING XLMIN AND YLMIN ARE FOR HS AND HR 
3 9 6 c X L M I N = ( 0 . 0 5 + A L X * ( 1 . ~ U * * 2 ) * ( F C X 1 + 2 . + 2 . * F C X 2 ) * * 2 ) / ( X A * S Q 
R T ( X D X l ) ) 
397 c Y L M I N = ( 0 . 0 5 * A L Y + ( 1 . - U * * 2 ) * ( F C Y l + 2 . + 2 . * F C Y 2 ) * * 2 ) / ( X B * S Q 
R T ( Y D Y 1 ) ) 
3 9 8 r FOLLOWING YLMIN I S FOR RR AND M G = 0 . 0 5 
1 2 7 
3 9 9 Y L M T N = ( 0 . 0 5 + A L Y + ( 1 . - U * * 2 ) ) / X 3 
4 0 0 
y FOLLOWING XXLMIN AMD YYLMIN ARE FOR M G = . 0 4 WITH TS-RR 
4 0 1 XXLMIN= ( 0 . 0 4 * A L X * ( J.. -1 J * * 2 ) * ( 1 . + C F X * F C X ) * * 2 ) / ( XA* 
4 0 2 1 S Q R T ( 1 . + M . * C F X * F C X ) ) 
4 0 3 Y Y L M I N r ( 0 . 0 4 * A L Y * ( 1 • -> J * * 2 ) ) / X B 
4 0 4 C FOLLOWING YLMIN I S FOR T - R I N G AND A - R I N G 
4 0 5 
4. 
C Y L M T N r ( 0 . 0 5 * A L Y * ( 1 . - U * * 2 ) * ( 1 . + C F Y * F C Y ) * * 2 ) / ( X B * S Q R T ( 1 . 
T 
4 0 6 
c 1 4 . * C F Y * F C Y > ) 4 0 7 c FOLLOWING YLMIN TS FOR C r Z » I - R I N G S 8 c Y L M I N = ( 0 . 0 5 * A L Y * ( 1 . - 1 1 * * 2 ) * ( 1 . + 2 . * C F Y * F C Y ) * S Q R T ( 1 . + 2 . * C F Y * F C Y ) ) 
4 0 9 c 1 / ( X B * S Q R T ( 1 . + 6 . * C F Y * F C Y ) ) 4 1 0 c FOLLOWING EXPRESSIONS ARE FOR HS ONLY 4 1 1 c S X S T 2 C = ( 3 . 1 4 1 6 * 3 . 1 4 1 6 * E * T W X * T W X ) / ( 3 . * ( 1 . - N * * 2 ) * F C X 1 * F C X1*0WX*DWX) 
'112 c S X S T 1 C = S X S T 2 C * ( F C X 1 * F C X 1 ) 4 1 3 c SXST1C= ( 3 . 1 4 1 6 * 3 . 1 4 1 6 * E * T W X * T W X ) / ( 3 . * ( 1 . - U * * 2 ) * ( D W X - T W X ) * * 2 ) 
414 c FOLLOWING M O D I F I C A T I O N I N XLMAX I S FOR HS ONLY 4 1 5 c XLMAX=XLMAX+BFX 4 1 6 
YY, 
W R I T E ( 6 ' 1 0 1 ) A L X • A L Y » W D • G J r XA , XB »N » SXXSK » SYYSK•STSXX r RS 
I T 1 
4 1 7 
1VMSXY tXLMAX rSUML ?KltKE1»KE2tMW(121) 
4 1 8 W R I T E ( 6 • 2 1 6 ) D W X • T W X • T F X #BFX »DFX r XLMIN , YLMIN »YLMAX » XXLM 
TN tYYLMIN 
4 1 9 c THE FOLLOWING CHECKS EIGENVECTORS FOR CONVERGENCE 4 2 0 DO 7 5 3 I l = l r I 2 I 
4 2 1 I F ( ( M W ( 1 1 ) . L E . K E 1 + 1 . A N D , K E 1 . N E . 1 ) . O R . ( M W ( I 1 ) . G E . K E 2 - 1 ) 
. O R . ( A B S 
4 2 2 K V M K I l ) ) . G T . 0 . 3 . A N D . K E 1 . N E . 1 ) . O R . ( A B S ( V M 2 ( I 1 ) ) . G T . 0 . 3 
) ) G O TO 57 
4 2 3 GO TO 58 
4 2 4 57 W R I T E ( 6 t754)I 1 , M W ( 1 1 ) t V M 1 ( 1 1 ) , V M 2 ( 1 1 ) 
4 2 5 GO TO 9 P 5 
4 2 6 5 8 CONTINUE 
4 27 7 5 4 F O R M A T ( / / • 2 X r ' C H E C K EIGENVECTOR I = ' 1 1 6 » 2 X • • M W = • • I 6 1 
4 2 8 1 2 X , » V M 1 ( I 1) = ' , E 1 2 . 4 » 2 X » » V M 2 ( T 1 ) = » , E 1 2 . 4 ) 
4 2 9 7 5 3 CONTINUE 
4 3 0 GO TO 9 9 5 
4 3 1 9 9 9 CONTINUE 
4 32 STOP 
4 3 3 END 
1 2 8 
1 SUBROUTINE FKXYS(XLAMD,YLAMD»ALFX tALFYr 
2 l C X r C Y » X N I t Z ' X S I r F K X X ) 
3 C T H I S F I N O S BUCKLING LOAD C O E F F I C I E N T I N 
i\ C AXIAL COMPRESSION 
5 C 
6 C 0 M M 0 N / C N 9 / E X B , E Y B 
7 C O M M O N / X X X X / B ( 3 ) , P ( f i ) , S ( 3 ) » 0 , Z R • X S S , X S P 
8 M = l 
9 N = l 
10 MD=2 
11 ND=2 
12 R H 0 X = A L F X * * 2 * X L A M D 
13 RH0Y=ALFY* *2 *YLAMD 
14 CALL PQSB(XLAMD » YLAMD »RHOX »RHOY» X N I • Z 
15 1r X S I » E X S rEYB) 
16 CALL NPATR(N.M.MD»MD»FKXX) 
17 RETURN 
l f i END 
1 SUBROUTINE PQSB(XLAMD•YLAMD rRHOX »RHOY 
2 I f X N I » Z » X S I r E X » E Y ) 
3 C T H I S I S POR F I N D I N G SOLUTION FOR 
4 C AXIAL COMPRESSION 
5 C O M M O N / X X X X / B ( 3 ) , P ( f i ) » S ( 3 ) t Q » Z R t X S S » X S P 
6 X S S = X S I * * 2 
7 X S P = 3 . 1 4 1 6 * * 2 / ( 3 2 . * X S I ) 
8 X S S 2 = X S S * * 2 
9 B ( 1 ) = 1 . + X L A M D 
10 R ( 2 ) = 2 . / ( 1 . - X N T ) * ( B ( 1 ) * ( 1 . + Y L A M D ) - X N I ) * X S S 
11 B ( 3 ) = ( l . + Y L A M D ) * X S S 2 
12 P ( l ) = l . + R H O X 
13 P ( 2 ) = 2 . * X S S 
14 P ( 3 ) = ( l , + R H O Y ) * X S S 2 
15 Z R = l 2 . * Z * * 2 / ( 3 . 1 4 1 6 * * 4 * C l . - X N 1 * * 2 ) ) 
16 P ( 4 ) = E X * * 2 * X L A M D 
17 P ( 5 ) - 2 . * P ( 4 ) * ( 1 . - X N I + Y L A M D ) / ( 1 . - X N I ) * X S S 
18 P ( 6 ) = ( P ( 4 ) * ( 1 . + Y L A M D ) + 2 . * E X * E Y * X L A M D * Y L A M D 
19 1 * ( 1 . + X N I ) / ( 1 . - X N I ) 
20 1 + E Y * * 2 * Y L A M D * B ( 1 ) ) * X S S 2 
2 1 P ( 7 ) = 2 . / ( 1 . - X N I ) * E Y * * 2 * Y L A M D * ( B ( 1 ) - X N I ) 
22 1 * X S S * * 3 
2 3 P ( 8 ) = E Y * * 2 * Y L A M D * X S S 2 * * 2 
24 Q = ( B ( 1 ) * ( 1 . + Y L A M D ) - X N I * * 2 ) 
25 5 ( 1 ) = X N I * E X * X L A M D 
2 6 S ( 2 ) = - ( E X * X L A M D * ( 1 . + Y L A M D ) + E Y * Y L A M D 
2 7 1 * ( 1 . + X L A M D ) ) * X S S 
2 8 S ( 3 ) = X N T * F Y * Y L A M D * X S S 2 
2 9 RETURN 
30 END 
129 
1 SUBROUTINE N P A T R ( N » M , N D r M D , F X ) 
2 C T H I S I S FOR F I N D I N G A SOLUTION FOR 
3 C A X I A L COMPRESSION 
4 D IMENSION N Z ( 2 ) r M Z ( 2 ) 
5 K=0 
6 N Z ( 1 ) - = N 





12 A 1 = N Z < 1 ) 
13 A 2 = M 7 ( 1 ) 
14 F X - F F ( A 1 » A 2 ) 
15 15 N Z ( 2 ) = N Z ( 1 ) + N A 1 + N R 
16 K=K+1 
17 I F ( K , L T . 7 0 ) G O TO 4 5 0 
18 W R I T E ( 6 » 4 6 0 ) K » F X » N Z ( 1 ) » M Z ( 1 ) 
19 4 6 0 F O R M A T ( / / • 2 X » * K ITER=»11 513X»•FX= \ t 
2 0 1 E 1 2 . 4 » 3 X , » N = « , I 5 » 3 X » » M = » , 1 5 ) 
2 1 STOP 
22 4 5 0 I F ( N Z < 2 ) . L F . 0 ) N 7 ( 2 ) = 1 
2 3 M Z Z = M Z ( 1 ) + N A 2 
24 I F ( M Z Z . L E . 0 ) M Z Z = 1 
2 5 A 1 = N Z ( 2 ) 
2 6 A2=MZ7 
27 F 1 = F F ( A 1 , A 2 ) 
2 8 I F ( F I , L T . F X ) 6 0 TO 10 
29 N 7 ( 2 ) = N Z ( l ) + M A l - r j R 
30 I F ( N Z ( 2 ) . L E . 0 ) N 7 ( 2 ) = 1 
3 1 A 1 = N Z ( 2 ) 
3 2 F 1 = F F ( A 1 , A 2 ) 
3 3 I F ( F 1 . L T . F X ) G O TO 10 
34 N R = N R - 1 
3 5 I F ( A B S ( N R ) , G T . 0 ) G O TO 15 
36 F1=FX 
37 N Z ( 2 ) = N Z ( 1 ) + N A 1 
3 8 I F ( N 7 ( 2 ) . L E . 0 ) N Z ( 2 ) = 1 
3 9 10 F X = F 1 
40 2 5 M Z ( 2 ) = M Z ( D + N A 2 + M R 
4 1 I F ( M Z ( 2 ) . L E . 0 ) M Z ( 2 ) = 1 
42 A 1 = N Z ( 2 ) 
4 3 A 2 = M Z ( 2 ) 
4 4 F 1 = F F ( A 1 , A 2 ) 
4 5 I F ( F 1 , L T . F X ) G 0 TO 2 0 
4 6 M Z ( 2 ) = M Z ( 1 ) + N A 2 - M R 
4 7 I F ( M Z ( 2 ) , L E . 0 ) M Z ( 2 ) = 1 
4 8 A 2 = M Z ( 2 ) 
4 9 F l r F F ( A 1 » A 2 ) 
5 0 I F ( F l . L T . F X ) G O TO 2 0 
5 1 M R r M R - 1 
5 2 I F ( A B S ( M R ) . G T . 0 J G O TO 2 5 
5 3 F1=FX 
54 M Z ( 2 ) = M Z ( 1 ) + N A 2 
55 I F ( M Z ( 2 ) . L E . 0 ) M Z ( 2 ) = 1 
56 I F ( N A 1 . E Q • 0 . A N D . N A 2 . E Q . 0 . A N D . N R , E Q • 0 ) 
5 7 1GO TO 1 0 0 0 
58 20 F X = F 1 
5 9 I F ( N R . E Q . 0 . A N D . M R , E Q . 0 ) G O TO 2 5 0 
1 3 0 
6 0 N A 1 = N Z ( 2 ) - N Z ( 1 ) 
6 1 N A 2 = M Z ( 2 ) - M Z ( 1 ) 
6 2 GO TO 150 
6 3 2 5 0 N Z ( 2 ) = N Z ( 2 ) - N A 1 
6'4 M Z ( 2 ) = M Z ( 2 ) - N A 2 
6 5 NA1=0 
6 6 NA2=0 
6 7 150 N Z C 1 ) = N Z ( 2 ) 
6 8 M Z ( 1 ) = M Z ( ? > 
6 9 NR=NR+1 
70 MR=MR+1 
7 1 GO TO 15 
7 2 1 0 0 0 N = N Z ( 2 ) 
7 3 MsMZ<2) 
74 RETURN 
7 5 END 
1 FUNCTION P F ( R N r R M ) 
2 C T H I S I S FOR F I N D I N G SOLUTION FOR AXIAL 
3 C COMPRESSION 









13 R 1 = R ( 1 ) * R M 4 + B ( 2 ) * R M 2 * R N 2 + B ( 3 ) * R N 4 
14 ZRB=ZR/B1 
15 P 1 = P ( 1 ) * R M 2 + o ( 2 ) * R N 2 + P ( 3 ) * R N 4 / R M 2 
16 P 2 = Z R B * ( P ( 4 ) * R M 6 + P ( 5 ) * R M 4 * R N 2 + P ( 6 ) * R M 2 
17 1 * R N 4 + P ( 7 ) * R N 6 + P ( 8 ) * R N 8 / R M 2 
18 2 + 2 . * S ( 1) i-RM4 + 2 . * S ( 2 ) * R M 2 * R N 2 + 2 . * S ( 3 ) 
19 3+RN4+Q+RM?) 
20 F F = P 1 + P 2 
2 1 XX=RN2/RM2*XSS 
2 2 F F = F F - X X * X N Y 
2 3 RETURN 
24 END 
1 3 1 
1 SUBROUTINE START 
2 C SET UP THE I N I T I A L SIMPLEX FROM ONE 
3 C STARTING P O I N T . 
4 D IMENSION X K l O f 1 0 ) , X ( 1 0 ) r S U M ( l O ) ' D ( 1 0 , 1 0 ) 
5 C O M M O N / O i l / X I r N X » S T E P » K l » S U M » I N 
6 C 0 M M 0 N / C N 2 / A L X » A L Y , C X » C Y # U , X r Z ' X K B ' S A I 
7 VN=NX 
8 S T E P 1 = S T E P / ( V N * S Q R 1 ( 2 . 0 ) ) * ( S O R T ( V N + l • 0 ) 
9 l + V N - 1 . 0 ) 
10 S T E P 2 = S T E P / ( V N * S Q R T ( 2 . 0 ) ) * ( S O R T ( V N + l . 0 ) 
1 1 1 - 1 . 0 ) 
12 DO 1 J r l . N X 
13 1 D ( 1 ' J ) = 0 . 0 
14 DO 2 I = ? » K 1 
15 DO ? J = l , N X 
16 D ( I > J ) = S T E P 2 
17 L = I - 1 
18 D ( I » L ) = S T E P 1 
19 2 CONTINUE 
20 DO 3 I = l r K l 
2 1 DO 3 J = 1 , N X 
2 2 3 X 1 ( I » J ) = X ( J ) + D ( I » J ) 
23 RETURN 
24 END 
1 SUBROUTINE SUMR 
2 C SUMR I S THE COMPOSITE WEIGHT E X P R E S S I O N , 
3 D IMENSION X l ( 1 0 » 1 0 ) » X ( 1 0 ) I S U M ( I O ) 
4 COMMON/CN1/X1»NX »STEP »K1fSUM » I N 
5 C 0 M M 0 N / C r J 2 / A L X » A L Y » C X , C Y r U , X » Z - X K B » S A I 






12 COMMON/CN4 0 / X S I 
13 COMMON/CN50/FKXX 
14 COMMON/PPQ/MTD 
15 C O M M O N / A A B / M I S ( 3 0 ) r K E » M W ( 2 5 0 ) r 1 2 1 t 
16 1 V M 1 ( 2 5 0 ) # V M 2 ( 2 5 0 ) 
17 DO 10 J = l » N X 
18 10 I F ( X ( J ) . L T . 0 . 0 ) X ( J ) = 0 . 0 
19 I F ( N N . E Q . 2 J 6 0 TO 15 
2 0 CALL F K X Y S ( X ( 1 ) f X ( 2 ) » A L X r A L Y r C X » C Y , U 
2 1 1 » Z » X S I » F K X X ) 
2 2 S U M ( I N ) = 1 . + ( X ( 1 ) + X ( 2 ) ) / ( 1 . - U * * 2 ) + X ( 3 ) 
2 3 1 * ( F K X X / ( Z + Z ) - A A L P * Z ) * * 2 
2 4 GO TO 20 
2 5 15 CALL KS 
2 6 I F ( M I D . E Q . 1 ) G O TO 20 
27 S U M ( I N ) = 1 . 0 + ( X ( 1 H X ( 2 ) ) / ( 1 . 0 - U * * 2 ) +X ( 4 ) 
2 8 1 * ( G J / ( Z * * 2 ) ~ Z * A L P ) * * 2 
2 9 2 0 RETURN 
30 END 
SUBROUTINE LAGRAN(SNF r Y I M F ) 
T H I S F INOS LAGRANGE M U L T I P L I E R FOR F I R S T 
DATA POINT OF COMBINED LOAD 
DIMENSION X ( 1 0 ) 
C O M M 0 N / C N 2 / A L X , A L Y , C X » C Y , U , X , Z . X K B , S A I 
C 0 M M 0 N / C N 3 / B , G J ' N 
C0MM0N/CN4/ALP 
COMMON/PPQ/MID 
C O M M Q N / A A B / M I S ( 3 0 ) , K E » M W ( 2 5 0 ) » I 2 T r 
1 V M 1 ( 2 5 0 ) « V M ? ( 2 5 0 ) 
X ( 4 ) = l 0 . * * 5 
G F 2 = 1 . + ( X ( 1 ) + X ( 2 ) ) / f 1 . - U * * 2 ) 
CALL KS 
I F ( M I D . E Q . 1 ) G O TO 2 0 
T K K F = G J / ( Z * Z ) 
SNF=ALP*Z 
15 G F 1 = X ( 4 ) * ( T K K F - S N F ) * * 2 
G F 1 = G F 1 / G F 2 
I F ( G F l . G E . l . ) G O TO 4 3 
X ( 4 ) = X ( 4 ) * 1 0 . 
GO TO 15 
4 3 I F ( G F 1 . LE . 5 0 • ) G O TO 4 5 
X ( 4 ) = X ( 4 ) / 1 0 . 
GO TO 15 
4 5 Y I M F r X ( 4 ) 
20 RETURN 
END 
FUNCTION T O E ( L N r L M ) 
T H I S HELPS SETTING TERMS I N THE DETERMINANT 
BUT FOR THE DIAGONAL TERMS 
L l = ( L N + L M ) / 2 
L 1 = 2 * L 1 
I O E = l 





C T H I S I S FOR F I N D I N G ALL THE TERMS I N THF 
3 C DETERMINANT 
4 C RUT FOR THE DIAGONAL TERMS 
5 D lMENSION R R ( K K ? K K ) 
6 C O M M O N / A A R / M I S ( 3 0 ) » K E » M W ( 2 5 0 ) » I 2 T , V M ] ( 2 5 0 ) 
7 1 » V M 2 ( 2 5 0 ) 
8 B B ( K E , K E ) = 0 . 
9 K l s K E - t 
10 DO 2 l = l » K l 
11 B B ( I , I ) = 0 . 
12 L = I + 1 
13 DO 2 J = L - K E 
14 I F ( T O E ( M I S ( I ) , M I S ( J ) ) , E Q . 2 ) G 0 TO 50 
15 A 1 = M I S ( T ) * M I S ( J ) 
16 A 2 = M I S ( J ) * * 2 - M I S ( I ) * * 2 
17 I I = M I S ( I ) / 2 
18 Q = M I S ( I ) / 2 . 
19 I A = 2 * I I 
2 0 I B = 2 * Q 
2 1 I F ( I A . E Q . I B ) G O TO 20 
22 GO TO 10 
2 3 20 B B ( I » J ) = - A 1 / A 2 
24 GO TO 2 
2 5 10 R R ( I tJ)=A1/A2 
26 GO TO 2 
27 5 0 R R ( I t J ) = 0 . 
2 8 2 CONTINUE 
2 9 DO 4 I = 2 » K E 
30 L = T - 1 
3 1 DO 4 J="1»L 
3 2 4 R B ( I » J ) = B B ( J » I ) 
33 RETURN 
3 4 END 
1 FUNCTION F ( B - M ) 
2 C T H I S TS FOR EVALUATING THE DIAGONAL TERMS WITH KS-BAR 
3 DTMFNSTON X ( 1 0 ) 
4 C 0 M M 0 N / C N 2 / A L X » A L Y » C X » C Y » U » X . 7 - X K B . S A T 
5 COMMON/CN5 /AL1 1 AL2 tAL3 »AL4 r AL5 tAL6.AL7 , A L 1 1 • A L 1 2 » AL13 
6 COMMON/CN6/XLB » YLB•RBX »RBY 
7 COMMON/CN7/PRL 
8 C0MM0N/CN9/EXB»EYB 
9 A L 8 = ( 1 . O + R B X ) * ( M * * 4 ) + 2 . 0 * A L 7 * ( M * * 2 ) * ( B * * 2 ) + ( 1 . 0 + R B Y ) * ( 
B**M ) 
10 A L 9 = X L B * ( E X B * * 2 ) * ( M * * R ) + A L 2 * ( M * + 6 ) * ( B * * 2 ) + A L 3 * ( M * * 4 ) * ( 
B * * 4 ) + A L 4 * ( M 
11 1 * * 2 ) * ( B * * 6 ) + ( E Y R * * 2 ) * Y L R * ( R * * 8 ) - 2 . 0 * U * E X B * X L B * ( M * * 6 ) + 2 
. 0 + A L 5 * ( M * * 4 







B J - A L 1 3 
16 C 
* 4 + A L l * 
17 C 
R * * 2 
I B 
4 ) I ' d . 0 -
19 
20 C 
2 1 c 
22 
23 
2 ) * ( B * * 2 ) - 2 . 0 * I I * E Y B * Y L B * ( M * * 2 ) * ( B * * 4 ) + A L 6 * ( M * * 4 ) 
A L 1 0 = d . 0 + X L B ) * ( M + * 4 ) + A L l * ( M * * 2 ) * ( B * * 2 ) + d . 0 + Y L B ) * ( B * * 
A L 1 4 = ( ( E X B * X L B * ( M * * 6 ) ) / ( 1 . +XLB ) + A L 1 1 * ( M * * 4 ) * ( B * * 2 ) +AL1 
1 * ( M * * 2 ) * ( B * * 4 ) + E Y B * Y L B * ( B * * 6 ) / ( 1 . + X L B ) + ( M * * 4 ) * U / ( l . + X L 
2 * ( M * * 2 ) * ( B * * 2 ) + ( 1 . + Y L B ) * ( B * * 4 ) / ( 1 . + X L B ) ) / ( ( P R L * * 2 ) * ( M * 
3 ( M * * 2 ) * ( R * * 2 ) / ( 1 . + X L R ) + ( 1 . + Y L B ) / ( 1 . + X L B ) ) ) + ( M * * 2 ) * 0 . 5 + 
F = ( ( 3 . 1 4 1 6 ) / ( 8 . 0 * B ) ) * ( A L 8 + ( 1 2 , 0 * ( ? * * 2 ) * A L 9 ) / ( ( 3 . 1 4 1 6 * * 
1 U * * 2 ) * A L 1 0 ) - X K B * ( M * * 2 - S A I ) ) 
FOLLOWING CONTINUATION CARD I S FOR PRESSURE CASE ONLY 
1 U * * 2 ) * A L 1 0 ) - X K B * ( M * * 2 - S A I * A L 1 4 ) ) 
RETURN 
END 
1 SUBROUTINE E I G E N ( V A » B , K » V O » V I • V 2 r K K » E R R 
2 I f F K S S ) 
3 C T H I S I S FOR F I N D I N G THE LOWEST EIGENVALUE 
4 C ( I c E . BUCKLING LOAD C O E F F I C I E N T I N TORSION) 
5 D IMENSION B ( K K » K K ) • V A ( K K ) t V 0 ( K K ) t V I ( K K ) 
6 l r V 2 ( K K ) 
7 C O M M O N / P P Q / M T D 
8 MTD=0 
9 F K S S = 0 . 
10 C I N I T I A L VFCTOR ASSIGNED HERE 
11 DO 1 I = i , K 
12 1 V 0 ( I ) = 1 . 
13 IMODE=1 
14 1 5 5 CALL A C V ( K » K , V l f R » V O » K K ) 
15 DO 2 I - l - K 
16 2 V I ( I ) = - V l ( I ) / V A ( I ) 
17 CALL A C V ( K » K > V 2 r B » V l » K K ) 
18 DO 3 T = 1 , K 
19 3 V 2 ( T ) = - V 2 ( I ) / V A ( I ) 
2 0 RQN=0 . 
2 1 RQD = 0 • 
2 2 DO 14 I = l r K 
2 3 R Q N = R Q N + V O ( T ) * V 2 ( I ) 
24 14 R O D = R Q D + V 2 ( I ) * V 2 ( I ) 
2 5 C THE E IGEN VALUE I S OBTAINED FROM THE 
2 6 C RAYLEIGH QUOTIENT 
27 RQSS=FKSS 
2 8 R11=RQN/RQD 
2 9 I F ( I M O D E . G T . 1 ) GO TO 5 1 0 
30 FKSS = S Q R T ( A B S ( R l l ) ) 
3 1 GO TO 5 2 0 
32 5 1 0 I F ( R U . G E . O . ) GO TO 5 3 0 
33 F K S S = - S Q R T ( A B S ( R 1 1 ) ) 
34 RETURN 
35 5 3 0 FKSS=SQRT ( R l l ) 
36 5 2 0 CONTINUE 
135 
3 7 I F ( A R S ( ( R Q 5 S - F K S S ) / F K S S ) - E R R ) 1 6 0 > 1 6 0 • 5 0 
38 50 I M O O r = I M O Q F + l 
39 I F ( I M O D E - 1 5 ) 1 5 0 • 1 7 0 »170 
40 150 F M A X = 0 . 
4 1 DO 1.7 1 = 1 »K 
42 I F ( A B S ( F M A X ) - A B S ( V 2 ( I ) ) ) 1 6 r l 7 » 1 7 
4 3 16 FMAX=V2(T ) 
44 17 CONTINUE 
45 DO 18 I = 1 » K 
46 18 V 0 ( T ) = V 2 1 1 ) / F M A X 
4 7 GO TO 1 5 5 
48 170 MTD=1 
4 9 GO TO 10 
5 0 C 170 W R I T E ( 6 » 3 0 0 ) I M O D E 
51 C 3 0 0 F O R M A T { / / , 2 * > ' N U M B E R OF I T E R A T I O N S 
52 C GREATER T H A N • » I 5 • 2 X • • A N D THE 
53 C 1SEQUENCE OF EIGENVALUE PROBLEM f / 5 X • 
54 C 'DOES NOT CONVERGE W I T H I N ACCUR 
55 C 2ACY REQUIRED BY E R R ' / / ) 
5 6 160 CONTINUE 
57 CALL A C V ( K , K , V 1 , B , V 2 . K K ) 
58 DO 2 9 I = 1,K 
5 9 2 9 V I ( I ) = - V l ( I ) / V A ( I ) 
6 0 DO 31 1=1»K 
6 1 V 0 ( I ) = V 2 ( T ) + F K S S * V l ( I ) 
62 31 V I ( I ) = V 2 ( I ) - F K S S * V l ( I ) 
6 3 FMAX=0 . 
64 F M A X 1 = 0 . 
65 DO 3 3 1=1«K 
6 6 I F ( A R S ( P M A X ) - A B S ( V O ( I ) ) ) 4 1 , 4 4 » 4 4 
6 7 4 1 F M A X = V 0 ( I ) 
6 8 44 I F ( A B S ( F M A X 1 ) - A D S ( V 1 ( I ) ) ) 4 2 » 3 3 * 3 3 
6 9 42 F M A X 1 = V 1 ( I ) 
70 3 3 CONTINUE 
7 1 DO 39 I = 1 , K 
7 2 V 1 ( I ) = V 1 ( I ) / F M A X 1 
7 3 39 V O ( I ) = V 0 ( I ) / F M A X 
74 10 RETURN 
7 5 END 
1 SUBROUTINE A C V ( N , M » C , A » R , N M ) 
2 C T H I S HELPS F I N D I N G THE LOWEST EIGENVALUE 
3 C ( I N E I GEN) 
4 DIMENS TON C(NM) tA(NM,NM)»R(NM) 
5 C C ( N ) = A ( N » M ) * R ( M ) 
6 DO 30 1 = 1 , N 
7 C ( I ) = 0 . 
8 DO 30 J = l r M 
9 30 C ( I ) = C ( I ) + A ( I » J ) * R ( J ) 
10 RETURN 
1 1 END 
1 3 6 
1 SUBROUTINE KS 
2 C T H I S I S FOR F I N D I N G BUCKLING LOAD C O E F F I C I E N T I N TORSION 
3 D IMENSION X ( 1 0 ) 
4 D IMENSION B R ( 5 0 • 5 0 ) r V A ( 5 0 ) 
5 D IMENSION V 0 ( 5 0 ) * V I ( 5 0 ) t V 2 ( 5 0 ) 
6 C 0 M M 0 N / C N 2 / A L X » A L Y » C X » C Y » U » X » Z » X K B r S A I 
7 COMMON/CN3/B»GJ»N 
8 COMMON/C'J5/AL1 f AL2 • AL3» A L 4 f A L 5 » A L 6 • A L 7 • AL11»AL12 tAL 13 
9 C0MM0N/CN6/XLBr YLB »RBX »RBY 
10 C0MM0N/CN7/PRL 
11 C 0 M M 0 N / C N 8 / F C X 1 f F C Y l r T X l , T X 2 , T Y 1 . T Y 2 
12 C0MM0N/CN9/EXB rEYB 
13 C O M M O N / P P Q / M T D 
1'+ COMMON/AAR/MIS ( 3 0 ) , K E , M W ( 2 5 0 ) » I 2 I , V M 1 ( 2 5 0 ) , V M 2 ( 2 5 0 ) 
15 X L B = X ( 1 ) 
16 Y L B r X ( 2 ) 
17 KK=50 
18 E R R = 0 . 0 1 
19 CALL BBB(BB»KK) 
20 R B X = ( A L X * + 2 ) * Y L D 
2 1 R B Y = ( A L Y * * 2 ) * Y L R 
2 2 A L l = < 2 . 0 / ( l . O - U ) ) * ( ( 1 . 0 + X L B ) * ( 1 . 0 + Y L B ) - U ) 
23 A L 2 = ( 2 . 0 * ( E X B * * 2 ) *X_LB ) * ( 1 . 0 + Y L B - U ) / ( 1 . 0 - U ) 
?4 A L 3 = ( E X B * * 2 ) * X L B + ( E Y B * * 2 ) * Y L B + X L B * Y L B * ( E X B * * 2 + E Y B * * 2 + 2 
0 * E X B * E Y B * ( 
2 5 1 . 1 . 0 + U ) / ( 1 . 0 - U ) ) 
26 A L 4 = ( 2 . 0 * ( E Y B * * 2 ) * Y L B * ( 1 . 0 + X L B - U ) ) / ( 1 . 0 - U ) 
27 AL5=EXB*XLR+EYB *YLB-» (EXB HfYB ) * X L B * Y L B 
2 8 A L 6 = ( 1 . 0 + X L B ) * ( 1 . 0 + Y L B ) - < U * * 2 ) 
2 9 A L 7 = 1 . 0 
30 C A L 7 = 1 , H - X L B * ( A L X * * 2 ) * ( 1 2 . / ( 1 . + U ) ) * ( ( F C X 1 * * 2 ) / ( T X 1 * T X 2 ) ) 
3 1 C H - Y L B * ( A I Y * * ? ) * ( 1 2 . / ( 1 . + U ) ) * ( ( F C Y 1 * * 2 ) / ( T Y 1 * T Y 2 ) ) 
32 C A L 1 1 = ( ( E X B * X L B ) / ( 1 . + X L B ) ) * ( l . - U f ( 2 . * Y L B ) / ( 1 . - U ) ) 
33 C A L 1 2 = ( ( E Y R * Y L B ) / ( 1 . + X L B ) ) * ( 1 . + ( 2 . * X L B ) / ( 1 , - U ) ) 
34 C A L 1 3 = ( ( l . + M ) * ( l . - U + Y L B ) + 2 . * X L B * ( l . + Y L B ) ) / ( ( 1 . - U ) * ( 1 . + X 
B) ) 
35 C l = 2 . 
36 B 1 = C 1 / P R L 
37 DO 15 I = 1 » K E 
3 8 15 V A ( I ) = F ( B 1 » M T S ( I ) ) 
39 CALL E I G E N ( V A , R B r K E » V 0 • V I • V 2 » K K r E R R r G J 1 ) 
40 T F ( M I D . E Q . l ) G O TO 2 0 0 
4 1 DO 80 N = 4 » 1 0 0 » 2 
42 C2=N 
4 3 B 2 = C 2 / P R L 
44 DO 20 J=l*KE 
4 5 20 V A ( J ) = F ( R 2 r M T S ( J ) ) 
46 CALL E I G E N ( V A » B B » K E » V 0 f V l » V 2 » K K » E R R » G J 2 ) 
4 7 I F ( M I D . E 0 . 1 ) G O TO 2 0 0 
4 8 I F ( G J 1 - G J 2 ) 8 5 »85 r 7 5 
4 9 75 C1=C2 
50 B1=B2 
5 1 GJ1=GJ2 
52 80 CONTINUE 
5 3 8 5 C 3 = C 1 + 1 . 
54 B 3 = C 3 / P R L 
55 DO 2 5 K = l -KE 
5 6 2 5 V A ( K ) = F ( B 3 » M I S ( K ) ) 
57 CALL E I G E N ( V A » B B » K E » V 0 » V 1 » V 2 » K K » E R R » G J 3 ) 
1 3 7 
58 I F ( M I O . E Q . 1 ) 6 0 TO 2 0 0 
5 9 I F ( G J 1 - G J 3 ) 9 0 , 9 5 »95 
60 90 GJ=GJ1 
6 1 B=B1 
62 N=C1 
6 3 GO TO 1 1 0 
6 4 9 5 GJ=GJ3 
6 5 B=B3 
6 6 M=C3 
67 110 DO 1 I J = 1 , K E 
6 8 I F ( A B S ( V O ( I J ) ) , G E . 0 . 9 9 9 9 ) G O TO 2 
6 9 1 CONTINUE 
7 0 2 1 2 1 = 1 2 1 + 1 
7 1 M W ( I 2 I ) = M I S ( I J ) 
7 2 V M K I 2 I ) = V 0 ( 1 ) 
7 3 V M 2 ( I 2 I ) = V 0 ( K E ) 
74 2 0 0 RETURN 
7 5 END 
8 2 ) 
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C PROGRAM "CHECK" 
C T H I S PROGRAM F I N D S PANEL I N S T A B I L I T Y LOAD BY 
C GOLDEN SECTION METHOD AND CHECKS FOR THE 
C INEQUALITY CONSTRAINTS, 
C USING F IBONACCI F R A C T I O N S . (F IBONACCI F R A C T I O N ( F I ) = 0 . 3 
D IMENSION X 1 ( 1 0 0 ) , X 2 ( 1 0 0 ) , X 3 ( 1 0 0 ) , Y 1 ( 1 0 0 ) , Y 2 ( 1 0 0 ) , D E L ( 
D IMENSION Y ( 1 0 ) 
D IMENSION B B ( 5 0 r 5 0 ) , V A ( 5 0 ) 
D IMENSION V 0 ( 5 0 ) , V 1 ( 5 0 ) , V 2 ( 5 0 ) 
COMMON/CN2/ALX , ALY , C X , C Y , U , X , 7 , XKB , S A I 
COMMON/CN5/AL1» AL21AL3»AL41AL5» A L 6 » A L 7 * A L 1 1 » A L 1 2 >AL13 




C O M M O N / A A B / M T S ( 3 0 ) » K E » M W ( 2 5 0 ) » I 2 I » V M 1 ( 2 5 0 ) , V M 2 ( 2 5 0 ) 
DATA X I ( 1 ) , X 2 ( 1 ) » X 3 ( 1 ) » F 1 » E P S / 0 . 1 t 2 . 0 • 4 . 0 • 0 . 3 8 1 9 6 6 0 1 1 • 
2 0 1 F O R M A T ( 1 H 1 , 3 0 X , ' P A N E L I N S T A B I L I T Y LOAD AND C R I T I C A L ST 
1ARE AS F O L L O W S ' / / ) 
4 0 0 FORMAT(5X » 'Z ' , 7 X r ' L ' » 7 X t ' B E T A ' r 5X r ' N • •7X • ' ( N X Y ) B R ' . 5 X » 
l ' L X ' f 5 X » • ( S X X ) S T W C R ' r 3 X f • ( S Y X ) S T F C R ' t 5 X ? ' ( S X Y ) S K C R ' , 7 X 
2 9 X , » M » t 1 X » ' M X EG V E C T . ' / / ) 
4 0 5 F O R M A T ( 2 X . F 6 . 0 » 2 X , F 8 . 5 , F 7 . 3 f 1 6 • E 1 4 . 6 r F 9 . 7 • F 7 . 3 » 2 E 1 3 . 5 r 
I F 1 1 . 5 » T 8 » l X f F 1 1 . 7 / ) 
4 1 0 FORMAT() 
W R I T E ( 6 , 2 0 1 ) 
U = 0 . 3 3 
E = 0 . 1 0 5 E + 8 
R = 8 5 . 0 
1 3 8 
30 A N R X Y 2 4 1 8 . 5 3 8 
3 1 C R = 9 5 . 5 
32 C A N 8 X Y = 1 2 5 . 
3 3 KK=50 
34 E R R = 0 . 0 1 
35 W R I T E ( 6 » 4 0 0 ) 
3 6 C S A I I S THE C O E F F I C I E N T FOR LATERAL PRESSURE LOADING ( 0 
3 7 S A I = 0 . 
3 8 C S A I = ( 1 4 . 7 * 8 5 . ) / 2 7 0 0 . 
3 9 K E 1 = 1 
40 K E 2 = 5 
4 1 KF=KE2~KE1+1 
4 2 1 2 = 0 
4 3 DO 2 0 0 I 1 = K E 1 , K E 2 
44 1 2 = 1 2 + 1 
4 5 2 0 0 M I S ( I 2 ) = I 1 
4 6 CALL BBB(BB >KK) 
4 7 C X L ( = L X ) I S THE ADOPTED STRINGER SPACING 
4 8 4 0 8 READ(5 * 4 1 0 1 E N D = 9 9 9 ) Z Z r ALX tXLBtAL tXL•SXXSK 
4 9 1 2 1 = 0 
50 H = 9 4 3 9 . 8 / ( Z Z * R ) 
5 1 C H = 7 9 9 3 7 . 1 7 0 3 8 / ( Z Z * R ) 
5 2 SKSXY=ANBXY/H 
5 3 P R L = ( 3 . 1 4 1 6 * R ) / A L 
54 Z = ( ( A L + * 2 ) * S Q R T ( 1 . . 0 - U * * 2 ) ) / ( R * H ) 
5 5 D = ( ( 1 0 . 5 * ( 1 0 . 0 * * 6 ) ) * H * * 3 ) / ( 1 2 . 0 * ( 1 . 0 - U * * 2 ) ) 
5 6 C XKB I S THE AXIAL LOAD C O E F F I C I E N T ( ( N B * L * * 2 ) / ( P A I * * 2 ) D ) 
5 7 C 
5 8 X K B = ( 2 7 0 0 . * ( A L * * 2 ) ) / ( ( 3 , 1 4 1 6 * * 2 ) * D ) 
5 9 C X K B = ( 8 0 0 . * ( A L * * 2 ) ) / ( ( 3 . 1 4 1 6 * * 2 ) * D ) 
6 0 C CFX»CFY»FCX»FCY SHOULD BE DEFINED AND CX AND CY SHOULD 
BE FOUND 
6 1 C BFLOW FOR THE PARTICULAR TYPE STRINGERS AND RINGS USED 
6 2 C FOLLOWING CX H CY ARE FOR RECT. & T SECTIONS 
6 3 C F X = 1 , 
64 C F Y = 1 . 
6 5 F C X = 0 . 3 
6 6 F C Y = 0 . 
6 7 C X = ( 1 . 0 + 2 . 0 * C F X * F C X ) / S O R T ( 1 . 0 + 4 . 0 * C F X * F C X ) 
6 8 C Y = ( 1 . 0 + 2 . 0 * C F Y * F C Y ) / S O R T ( 1 . 0 + 4 . 0 * C F Y * F C Y ) 
6 9 C FOLLOWING CX AND CY ARE FOR I , Z SECTIONS 
70 C C X = S O R T ( ( l . + 2 . * C F X * F C X ) / ( 1 . + 6 . * C F X * F C X ) ) 
7 1 C C Y = S Q R T ( ( l . + 2 . * C F Y * F C Y ) / ( l . + 6 . * C F Y * F C Y ) ) 
7 2 C FOLLOWING CX AND CY ARE FOR "ANGLE S E C T I O N S " 
7 3 C C X = l , / S O R T ( 1 , + 4 , * C F X * F C X ) 
74 C C Y = 1 , / S Q R T ( l . + 4 . * C F Y * F C Y ) 
7 5 C FOLLOWING ARE FOR HAT SECTIONS 
76 C F C X 1 = 1 . 
7 7 FCX2 = 0 . 
7 8 C F C Y 1 = 1 . 
7 9 C F C Y 2 = 0 . 
8 0 C T X 1 = 4 . + 4 . * F C X 1 + 3 . * F C X 2 
8 1 C T X 2 = 3 . * ( P C X 1 * * 2 ) + 4 . * F C X 1 + S . * F C X 2 + 1 2 . * ( F C X 2 * * 2 ) + 2 . 
82 C T Y 1 = 4 . + 4 . * F C Y 1 + 3 . * F C Y 2 
8 3 C T Y 2 = 3 , * ( F C Y 1 * * 2 ) + 4 . * F C Y l + R , * F C Y 2 + 1 2 . * ( F C Y 2 * * 2 ) + 2 . 
84 c X D X 1 = 6 . * F C X 1 * * 2 + 8 . * F C X 1 + 1 6 . * F C X 2 + 2 4 . * F C X 2 * * 2 + 4 . 
8 5 c Y D Y 1 = 6 . * F C Y 1 * * 2 + 8 » * F C Y 1 + 1 6 . * F C Y 2 + 2 4 . * F C Y 2 * * 2 + 4 . 
8 6 c C X = 2 . * ( F C X 1 + 1 . ) / S Q R T ( X O X l ) 
8 7 c C Y = 2 . * ( F C Y 1 + 1 , ) / S Q R T ( Y D Y l ) 
1 3 9 
8 8 C THE FOLLOWING VALUES ARE FOR »T R A - S T R I N G E R S • 
8 9 O W X = ( H * A L X * ( 1 . + C F X * F C X ) ) / S O R T ( 1 • + 4 . * C F X * F C X ) 
9 0 T W X = ( X L * X L R * H ) / ( D W X * ( 1 . - U * * 2 ) * ( 1 . + C F X * F C X ) ) 
9 1 TFX=CFX*TWX 
9 2 BFX=FCX*DWX 
9 3 C FOLLOWING OFX TS FOR T -STRINGER 
9 4 Q F X = ( B F X - T W X ) / 2 . 
9 5 C FOLLOWING OFX I S FOR A-STRINGER 
9 6 C DFX=QWX-TFX 
9 7 C FOLLOWING ARE FOR "C »Z r I - S T R I N G E R S " 
9 8 C O W X = H * A L X * S Q R T ( ( 1 . + 2 . * C F X * F C X ) / ( 1 . + 6 . * C F X * F C X ) ) 
9 9 C T W X = ( X L * X L B * H ) / ( D W X * ( 1 . - U * * 2 ) * ( 1 . + 2 . * C F X * F C X ) ) 
100 C TFX=CFX*TWX 
1 0 1 C BFX=FCX*DWX 
102 C D F X = B F X / 2 . 
1 0 3 C FOLLOWING ARE FOR HS 
104 C D W X = ( H * A I _ X * ( F C X l + 2 . + 2 . * F C X 2 ) ) / S Q R T ( X D X l ) 
105 c T W X = ( X L * X L B * H ) / ( D W X * ( 1 . - U * * 2 ) * ( F C X 1 + 2 . + 2 . * F C X 2 ) ) 
106 c TFX=TWX 
1 0 7 c BFX=FCX1*DWX 
1 0 8 c DFX=BFX 
1 0 9 c 
110 Y L B = 0 . 0 
1 1 1 A L Y = 0 . 0 
112 c P O S I T I V E EXB MEANS OUTSIDE STRINGERS AND NEGATIVE MEAN 
S I N S T D E . 
1 1 3 E X B = - ( ( ( 3 . 1 4 1 6 * * 2 ) * ( 1 . 0 ~ U * * 2 ) * * 0 . 5 ) / ( 2 . 0 * Z ) ) * ( 1 . 0 + C X * A 
LX) 
114 E Y B = 0 . 0 
1 1 5 R B X = ( A L X * * 2 ) * X L B 
116 R B Y r O . 0 
1 1 7 A L l = ( 2 . 0 / ( 1 . 0 - U ) ) * ( ( 1 . 0 + X L B ) * ( 1 . 0 + Y L B ) - ! ) ) 
1 1 8 A L 2 = ( 2 . 0 * ( E X B * * 2 ) * X L B ) * ( 1 . 0 + Y L B - U ) / ( 1 . 0 - U ) 
1 1 9 A L 3 = ( E X B * * 2 ) * X L B + ( E Y B * * 2 ) * Y L B + X L B * Y L B * ( E X B * * 2 + E Y B * * 2 + 2 
. 0 * E X B * E Y B * ( 
1 2 0 1 1 . 0 + U ) / ( 1 . 0 - U ) ) 
121 A L 4 = ( 2 . 0 * ( E Y B * * 2 ) * Y L B * ( 1 . 0 + X L B - U ) ) / ( 1 . 0 - U ) 
1 2 2 A L 5 = E X B * X L B + E Y B * Y L B + ( E X B + E Y 8 ) * X L B * Y L B 
1 2 3 A L 6 = ( 1 . 0 + X L B ) * ( 1 . 0 + Y L B ) - ( U * * 2 ) 
124 A L 7 = 1 . 0 
1 2 5 c A L 7 = 1 . + X L B * ( A L X * * 2 ) * ( 1 2 . / ( 1 . + U ) ) * ( ( F C X l * * 2 ) / ( T X 1 * T X 2 ) ) 
126 c 1 + Y L B * ( A L Y * * 2 ) * ( 1 2 . / ( 1 . + U ) ) * ( ( F C Y 1 * * 2 ) / ( T Y 1 * T Y 2 ) ) 
127 c A L 1 1 = ( ( E X B * X L B ) / ( 1 . + X L B ) ) * ( 1 . - U + ( 2 . + Y L B ) / ( 1 . - U ) ) 
1 2 8 c A L 1 2 = ( ( E Y B * Y L B ) / ( 1 , + X L B ) ) * ( 1 , + { 2 . * X L B ) / ( 1 , - U ) ) 
1 2 9 c A L 1 3 = ( ( 1 . + U ) * ( 1 . - U + Y L B ) + 2 . * X L 8 * ( 1 . + Y L B ) ) / ( ( 1 . - U ) * ( 1 . + X 
LB) ) 
130 c GOLDEN SECTION METHOD STARTS HERE 
131 K = l 
132 L L = 0 
1 3 3 DO 15 I = 1 , K E 
134 15 V A ( I ) = F ( X 2 ( K ) , M I S ( I ) ) 
135 CALL E I G E N ( V A f B R , K E » V O . V l , V 2 , K K » E R R , E F 1 ) 
136 I F ( M I D .EQ . 1)GO TO 5 5 5 
137 DO 20 J"=l tKE 
1 3 8 20 V A ( J ) = F ( X 3 ( K ) r M I S ( J ) ) 
1 3 9 CALL E I G E N ( V A . B B . K E ' V O , V I , V 2 , K K ,ERR , E F 2 ) 
140 I F ( M I D . E Q . l ) G O TO 5 5 5 
1 4 1 71. I F ( E F 1 - E F 2 ) 70 • 70 i 80 
1 4 2 80 X 3 ( K ) = X 3 ( K ) + 0 . 2 * X 3 ( K ) 






1 4 8 
1 4 9 
150 
1 5 1 
1 5 2 




1 5 7 




1 6 2 
1 6 3 
164 
T* , 5 X » «Z=« , 
1 6 5 
166 
167 
1 6 8 




1 7 3 
174 
1 7 5 
1 7 6 
1 7 7 
1 7 8 
179 
180 
1 8 1 
1 8 2 
1 8 3 
184 
185 
1 8 6 
187 
CR. 
1 8 8 
1 8 9 
190 
191 
1 9 2 
1 9 3 
194 
1 9 5 
E T A ) C R . 
1 9 6 
1 9 7 
1 9 8 
ENT INTEGER 
1 9 9 





5 5 5 
5 6 0 
L L = L L + 1 
I F ( L L . L T . 1 0 ) G O TO 7 1 
X I ( 1 ) = 0 . 0 0 0 0 1 
X 2 ( l ) = 0 . 8 
X 3 ( l ) = 1 . 0 
T F ( L L . L T . l l ) G O TO 7 1 
D E L ( K ) = X 3 ( K ) - X I ( K ) 
Y 1 ( K ) = X 1 ( K ) + F 1 * 0 E L ( K ) 
Y 2 ( K ) = X 3 ( K ) - F 1 * D E L ( K ) 
M I N I M I Z A T I O N WITH RESPECT TO BETA 
DO 2 5 I = 1 , K E 
V A ( I ) = F ( Y 1 ( K ) i M I S ( I ) ) 
C ALL E I G E ' J (VA , BB , KE , V 0 » V 1 , V2 , KK »ERR , F E 1 ) 
I F ( M I D . E Q . 1 ) G O TO 5 5 5 
DO 30 J ^ l r X E 
V A ( J ) = F ( V 2 ( K ) , M I S ( J ) ) 
CALL E I G E N ( V A , B B ,KE , V 0 , V 1 , V2 , KK ,ERR , F E 2 ) 
T F ( M I D . E Q . 1 ) G O TO 5 5 5 
I F ( F E 1 - F E 2 ) 9 0 , 9 1 , 9 2 
W R I T E ( 6 , 5 6 0 ) ? Z ,AL ,AL X »XLB 
F O R M A T ( I X , ' B U C K L I N G TAKES PLACE WITH ONLY AXIAL LOAD A 
C 
N . 
1 F 7 . 0 , 3 X , »L=« , P 5 . 0 , 3 X , ' ALX-- ' » F 5 . 0 r 3X • • X ( 1 ) = » , F 8 . 5 ) 
GO TO 4 0 8 
9 0 D E L ( K + l ) = Y 2 ( K ) - X 1 ( K ) 
X I ( K + l ) = X 1 ( K ) 
X 3 ( K + 1 ) = Y 2 ( K ) 
K=iK + l 
I F ( A B S ( ( X 3 ( K ) - X 1 ( K ) ) / X 3 ( K ) ) . L T . E P S ) G O TO 9 5 
GO TO 7 2 
9 1 DEL (K + l ) = Y ? ( K ) - X l ( K ) 
X I ( K + l ) r Y l ( K ) 
X 3 ( K + 1 ) = X 3 ( K ) 
K=K + 1 
I F ( A B S ( ( X 3 ( K ) - X I ( K ) ) / X 3 ( K ) ) . L T . E P S ) G O TO 9 5 
GO TO 7 2 
9 2 D E L ( K + 1 ) = X 3 ( K ) - Y 1 ( K ) 
X 1 ( K + 1 ) = Y 1 ( K ) 
X 3 ( K + 1 ) = X 3 ( K ) 
K=K + 1 
I F ( A B S ( ( X 3 ( K ) - X 1 ( K ) ) / X 3 ( K ) ) . L T . E P S J G O TO 9 5 
GO TO 7 2 
MEAN VALUE OF BETA AT ( K S ) C R . 
9 5 B = ( X 1 ( K ) + X 3 ( K ) ) / 2 . 0 
WITH KNOWN PRL WE F I N D THE INTEGER VALUE OF N.FOR (KS) 
B l I S THE VALUE OF N(NUMBER OF CIRCUMFERENTIAL WAVES) . 
B 1 = P R L * 8 
I F ( B l - 2 . 0 ) Q 7 , Q 7 , 9 8 
I F N>2 THEN F I N D (KS)CR AT INTEGER VALUE OF N 
9 8 1 1 = 8 1 
1 2 = 1 1 + 1 
R B I AND RB2 ARE THE INTEGER VALUES OF N ADJACENT TO (B 
R B 1 = T 1 
R B 2 = I 2 
NEXT B l AND B2 ARE THE VALUES OF BETA AT THE TWO ADJAC 
B 1 = R B 1 / P R L 
B 2 = R R 2 / P R L 
141 
2 0 1 
2 0 2 
2 0 3 
2 0 4 
2 0 5 
2 0 6 
2 0 7 
2 0 0 
2 0 9 
2 1 0 
2 1 1 
2 1 2 
2 1 3 
2 1 4 
2 1 5 
2 1 6 
2 1 7 
2 1 0 
2 1 9 
2 2 0 
2 2 1 
2 2 2 
2 2 3 
2 2 4 
2 2 5 
2 2 6 
2 2 7 
2 2 0 
2 2 9 
2 3 0 
) 
2 3 1 
2 3 2 
* T F X ) * * 2 ) 
2 3 3 
* 2 ) * 
234 
2 3 5 
2 3 6 
* 2 ) * 
2 3 7 
2 3 0 
2 3 9 
2 4 0 
X1*DWX*DWX) 
2 4 1 
2 4 2 
2 4 3 
2 4 4 
2 4 5 
2 4 6 
2 4 7 
2 4 0 
2 4 9 
2 5 0 
2 5 1 
DO 3 5 T = l »KE 
3 5 V A U ) = F ( B 1 . M I S { I ) ) 
CALL E I G E N ( V A . B B » K E » V 0 » V l » V 2 » K K r E R R » X l l ) 
I F ( M I D . E Q • 1 ) GO TO 5 5 5 
DO 40 J = l , K E 
40 VA(J)=P(B2»MTS(J) ) 
CALL E T G E N ( V A » B B » K E » V 0 » V 1 » V 2 » K K » E R R » X 1 2 ) 
I F ( M I D . E Q . 1 ) G O TO 5 5 5 
I F ( X 1 1 - X 1 2 ) 1 0 0 » 1 0 0 » 1 0 5 
I F N<2 THEN F I N D ( ( K 5 ( B A R ) )CR • AT N=2 
9 7 B l = 2 . 0 
B = B 1 / P R L 
DO 45 I = 1 , K E 
4 5 VA (T ) = F ( B f M I S d ) ) 
CALL E I G E N ( V A » B B » K E » V 0 » V 1 » V 2 »KK rERR »GJ) 
I F ( M I D . E Q . 1 ) G O TO 5 5 5 
X Y N B = ( ( 3 . 1 4 1 6 * * 2 ) * D * G J ) / ( A L * * 2 ) 
N=2 
GO TO 1 1 0 
1 0 0 GJ=X11 
X Y N B = ( ( 3 . 1 4 1 6 * * 2 ) * D * G J ) / ( A L * * 2 ) 
N=RB1 
B=B1 
GO TO 110 
1 0 5 G J = X 1 2 
X Y N B = ( ( 3 . 1 4 1 6 * * 2 ) * D * G J ) / ( A L * * 2 ) 
N=RB2 
B=B2 
FOLLOWING VALUES ARE FOR " T - 5 T R I N G E R S " 
1 1 0 S X S T W C = ( 3 . 1 4 1 6 * 3 . 1 4 1 6 * E * T W X * T W X ) / ( 3 . * ( 1 . - U * * 2 ) * D W X * D W X 
FOLLOWING SXSTWC I S FOR " C • Z • I - S T R I N G E R S " 
1 1 0 S X S T W C = ( 3 . 1 4 1 6 * 3 . 1 4 1 6 * E * T W X * T W X ) / ( 3 . * ( 1 . - U * * 2 ) * ( D W X - 2 . 
S X S T F C = ( ( 3 . 1 4 1 6 * 3 . 1 4 1 6 * E ) / ( 1 2 , * ( 1 . - U * * 2 ) ) ) * ( ( T F X / D F X ) * 
1 ( ( D F X / A L ) * * 2 + 0 . 4 0 7 ) 
FOLLOWING SXSTWC AND SXSTFC ARE FOR A - S T R I N G E R S 
1 1 0 S X S T W C = ( ( 3 . 1 4 1 6 * 3 . 1 4 1 6 * E ) / ( 1 2 . * ( 1 . - U * * 2 ) ) ) * ( ( T W X / D F X ) * 
1 ( ( D F X / A L ) * * 2 + 0 . 4 0 7 ) 
S X S T F C = 0 . 9 9 9 9 9 E + 3 0 
FOLLOWING SXSTFC AND SXSTWC ARE FOR H-STRTNGERS 
110 S X S T F C = ( 3 . 1 4 1 6 * 3 . 1 4 1 6 * E * T W X * T W X ) / ( 3 . * ( 1 . - U * * 2 ) * F C X 1 * F C 
S X S T W C = S X S T F C * F C X 1 * F C X 1 . 
S X S T W C = ( 3 . 1 4 1 6 * 3 . 1 4 l 6 * E * T W X * T W X ) / ( 3 . * ( l . - U * * 2 > * 
1 ( D W X - T W X ) * ( D W X - T W X ) ) 
ETA=SXXSK/SKSXY 
FOLLOWING ARE FOR H A T - S T I F F E N E R S ONLY 
XL=XL-BFX 
AL=AL-BFY 
A A L F = A L / X L 
I F ( A A L F . L T . l . ) G O TO 2 1 0 
C O E F = 4 . / 3 . + l . / ( A A L F * * 2 ) 
S X Y S K C = ( ( ( 3 . 1 4 1 6 * * 2 ) * E ) / ( 6 . * ( 1 . 7 U * * 2 ) ) ) * ( ( H / X L ) * * 2 ) * E T 
l ( C 0 E F * * 2 ) * ( S Q R T ( l . + ( 2 . / ( E T A * C 0 E F ) ) * * 2 ) - l , ) 
GO TO 2 1 5 
2 5 2 
2 5 3 
A* 
142 
2 5 4 2 1 0 C 0 E F = ( 4 . * ( A A L F * * 2 ) + 5 . 3 4 ) / ( ( A A L F * A A L F + 1 . ) * * 2 ) 
2 5 5 SXYSKC=( ( ( 3 . 1 4 1 6 * * 2 ) * E ) / ( 2 4 . * ( 1 . - U * * 2 ) ) ) * ( ( H / X L ) * * 2 ) * E 
T A * 
2 5 6 l ( C 0 E F * * 2 ) * ( S 0 R T ( l . + ( 2 . / ( E T A * C 0 E F ) ) * * 2 ) - l . ) * ( ( A A L F + l . / A 
A L F ) * + 2 ) 
2 5 7 2 1 5 SB=SKSXY/SXYSKC 
2 5 8 C FOLLOWING M O D I F I C A T I O N S I N »SXYSKC» AND »SB• ARE MADE FO 
R 
2 5 9 C COMBINED LOAD CASE •NXX+NXY+Q' - VALUES BROUGHT FROM OT 
HER PROGRAM 
2 6 0 C R E A D ( 7 » 5 0 0 ) S X Y S K C r S B 
2 6 1 5 0 0 F O R M A T ( l X » F 1 0 , 0 r F 1 2 » 5 ) 
2 6 2 PB=ANBXY/XYNB 
2 6 3 DO 1 I J = 1 » K F 
264 I F ( A B S ( V O ( T J ) ) . G E . 0 . 9 9 9 9 ) G O TO 2 
2 6 5 1 CONTINUE 
2 6 6 2 1 2 1 = 1 2 1 + 1 
2 6 7 M W ( I 2 I ) = M I S ( I J ) 
2 6 8 W R I T E ( 6 f 4 0 5 ) Z Z r A L » B » N » X Y N B » P B . X L » S X S T W C . S X S T F C . S X Y S K C . 
S B - M W ( I 2 I ) t 
2 6 9 1 V 0 ( I J ) 
2 7 0 GO TO 4 0 8 
2 7 1 9 9 9 CONTINUE 
2 7 2 STOP 
2 7 3 END 
1^3 
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